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Almost unconditional series

B Banach space
x, € B
Question When does the series

Z +x,

converge for almost all choices of signs ?

More formally: (e,,) i.i.d. random variables on (2, P) with
Ple,=+1)=1/2

When does the random series

E EnXn

converge a.s. ?
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Khintchine inequalities

Scalar case B=R or C

Answer to the question: ) e¢,x, converge a.s.

IFF Y [xn]? < 0

IFF > enx, converges in Ly

IFF > epxn converges in L, for ALLO < p < o0

Khintchine inequalities

For any 0 < p < oo there are constants A, > 0 and B, > 0 such
that for any sequence x = (x,) in £2 we have

A (X bal) " < ( 130 de) s, (X bal?)

Note that A, =1 when p > 2 and B, = 1 when p < 2 are the
obvious cases since the L,(PP)-norm is monotone increasing in p

1/2
and || 2 xnenll o) = (X xaf2) 2.

1/2
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Kahane inequalities

For any 0 < p < g < oo there is a constant K(p, g) such that for
any Banach space B and any finite subset xi, ..., x, in an arbitrary
Banach space B we have

< < K(p, H H .
D e D L G DL A
In particular

VO<p< oo | ngXkHLP(B) ~ | ngXkHLz(B)

Moreover

ZE,,X,, converge a.s. in B IFF it converges in L,(B)
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Our initial Question When does the series

E EnXn

converge for almost all choices of signs 7
is now reduced to: Find a "computable” equivalent for

| ZEanHLp(B)
and we can choose the p that we like.

..... cf Talagrand, Latata and Bednorz for, say, B = {,
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Example: B = L,(m)

Consider B = L,(m)
Then the Khintchine inequality in L, and Fubini imply:

1>~ enxalliyey = 1O al)Y2ls

Moreover

ZE,,X,, converge a.s. in B IFF ||(Z xal?)Y2| 18 < 00
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Non-commutative Khintchine inequalities

B = LP(Ma T)

M von Neumann alg.

T standard trace (normal, faithful, semi-finite): 7(x*x) = 7(xx*)
Basic example: M = B(H) equipped with usual trace x — tr(x)

Then
L,(M,T) = Schatten p — class S,
Note
I 1xal?)'/? |15 still makes sense with |x| = (x*x)/
However
IO bl 2lls £ 1 X )2 1s
while

| ZeanHLp(B) = | Zan:HLp(B)
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Non-commutative Khintchine inequalities

The case 1 < p < o is due to F. Lust-Piquard 1986
There are positive constants o, B, such that for any finite

sequence x = (X1,...,Xp) in B =5, (or B = Lp(7)) we have

1

Fp”‘(xk)mp <1 enxally sy < aplll ()]l (1)
where |||(xk)]||p is defined as follows:
If 2<p< oo

)l = maX{H<ZX;§Xk>é (Zxkx:)%

and if 0 < p <2

1 1

Note that S, =1 if p > 2, while ap, =1 if p <2

)
)

)
P
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The case p =1 is in 1991 joint work with F. Lust-Piquard
There we give 2 proofs.

One of the proofs shows that the non-commutative Khintchine
inequality for p =1

is essentially equivalent to the

“little non-commutative Grothendieck inequality”

that | had proved in 1978
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Example of Application

Consider x;; € C
Question When does
[£xi ] € Sp
for almost all choices of independent signs + ?
i.e. When does [¢;jxj] € Sp a.s. 7
Answer
oIFF 57, (57, bx)P/2 + 55,52, 1xgl?)P/2 < oo when 2. < p < o
e IFF 3 a decomposition x;; = a;; + bjj such that

>0 1agP)P2 4+ 52,30 |by[?)P/2 < 0o when 1 < p <2
This follows from

1D eixieiilies, = (el
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Digression: Cotype 2

When 0 < p < 2 the L, and Ly(7) spaces are of cotype 2

Definition

B is of cotype 2 if there is C such that

O lIxall?)2 < €Y enxalliy(ey

Zefnxn converges a.s. in B = (Z I1%0]|2)/2 < 00
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The case 0 < p < 1 remained open since our 1991 paper.

In JFA 2009 | made an attempt to solve the problem.

| proposed to use an extrapolation method (idea originated in
Maurey's work, already used to prove my non-com Grothendieck
theorem)

The idea was to introduce a priori for 0 < p < 2 the property

3B8p such that for any finite sequence
(Kp) x = (xx) in B = Lp(7) we have
Ix[l[p < Bpll ZEan”LP(B) where

HGall ' inf {H(Za;ak)iup+H(Zbk@%

Xk=ak+ by P} ’
Extrapolation ldea: to prove (K;) = (Kp) VO<p<g<2.
Note: For the extrapolation argument (€,) can be replaced by any

general orthonormal sequence (3 analogy with Rudin's A(p)-sets)
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The key ingredient for this is a new form of (non-commutative)
Holder inequality involving the Jordan product
Notation:

x-y=(xy+yx)/2
JO)(y) =x-y
D ={f >0|7(f) =1 densities}

Fix 0 < p <2
For x = (x«) (finite sequence) and q € [p, 2]

1= A0

Lq(PxT) }

Let

Then
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Lg(PxT) }

o) = jot {7551 e

feD
Co(x) = 1Y enxall Ly(exr) Go(x) = [lIx[ll,
Extrapolation idea to prove (K,;) = (K}) requires:
forp<q<2and%:¥+g

Ca(x) £ G()' 7 G(x)’
Indeed, assuming (Kg) we have for y, = J(fii%)_l(x,,)

(Ka) = llIylllg = 11D enynlliye)

and choosing f realizing (up to a factor) the infscp
Ivlllg & Ca(x) £ Co(x)* 7 Ca(x)’

Sublemma: |||x||[, < |||y]||q for any f € D
Conclusion: [[|x||l, & G()'?[lIxIIl; = llIx|ll, £ Go(x)
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Proof of Sublemma is not difficult but uses Vf,g € D

1

1_1 1_1
1(Fe "2 zag s 2)lllp S [[1(z0)lll2 = (D llznll2)"/?

which follows from the 3 line lemma
and hence

119(F=~3) U&7 2)zalllp S 1(za)lll2 = (3 lzall2)2
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Main point is Holder type inequality
(¥) Go(x) £ G G(x)’
which actually reduces indeed to a form of Holder inequality:

Define r by % =1+ 1 then (*) follows from:
1

11
VF e Bz: (eg. F=fr 2=1f7)

Cex)  F)xllg & DRI~ lx
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Review of commutative case

In the commutative case, with m instead of 7, it is easy to check
that for any q € [p, 2]

. (i1
Ca(x) = inf [1F7C7 WIS cnxal )l

1 1
and hence since ||g||, = infrep ||f_(5_5)g||q

Calx) = LD enxal )9y (m)

NI

Fix 0 < p <2. Then for all g € (p,2) with %zl;pe—i-

Calx) < ()’ (%)’

of course by classical Khintchine ineq.

Vg e 2,0 Colx) = I Ixal)2lliy(m)
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Return to non-commutative case Problem is to show VF € BZ:
(eg F=fr2=fr)
IJ(FY)xllq S IR0 x5

where
Xy + yx

2
When 1 < p < g < 2, this holds cf. [P, JFA 2009] (using
interpolation results notably by Junge-Parcet)

This uses the boundedness, L, — L, if p > 1 or L1 — weak L; of
the triangular projection

J(x) =

P D] = Ixglic]

Unbounded for p < 1!
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For p > 1 the proof of (*) is very simple because the boundedness
L, — L, of the triangular projection implies
—0 —0 1-6
IFY ) xllp == IF Ol + [IxF |

so we are reduced to work with one sided multiplication for which
Holder inequalities are well known (by the 3 line lemma)
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Case 0<p<1

In [P. JFA2009], | could not prove
Cex)  [ICF")xllg S IICF)xIIElx(13

However | observed that the value of @ is irrelevant and that it
suffices to have a very weak estimate (valid Vx, F)

(k%) V6 >0 [IF")xllq<w(O)|J(F)xllp + dllx]l2

with

;Ln;o w(d) =0

this is enough for the extrapolation proof to work
But | was stuck, | could not prove (***)...
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Case 0<p<1

In [P. JFA2009], | could not prove
Cex)  [ICF")xllg S IICF)xIIElx(13

However | observed that the value of @ is irrelevant and that it
suffices to have a very weak estimate (valid Vx, F)

(k%) V6 >0 [IF")xllq<w(O)|J(F)xllp + dllx]l2

with

;Ln;o w(d) =0

this is enough for the extrapolation proof to work
But | was stuck, | could not prove (***)...
In Fall 2014, Eric Ricard wrote to me that :
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Case 0<p<1

In [P. JFA2009], | could not prove
Cex)  [ICF")xllg S IICF)xIIElx(13

However | observed that the value of @ is irrelevant and that it
suffices to have a very weak estimate (valid Vx, F)

(k%) V6 >0 [IF")xllq<w(O)|J(F)xllp + dllx]l2

with
;Ln;o w(d) =0
this is enough for the extrapolation proof to work
But | was stuck, | could not prove (***)...
In Fall 2014, Eric Ricard wrote to me that :
(***) is obviously true !
His argument uses ultraproducts, requiring the use of type Il von

Neuman algebras (those without traces) and it gave no estimate
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We worked together on [P and Ricard, JIMJ to appear in 2016]
and proved the following version of Holder inequality
With 6 as before such that

1 1f9+9 gl 1.1
q p 2 rp 2

For any 0 < 0" < 1 be such that

1-0" < (p/2)(1-0)

VE € Bl J(F " )xllg < IJ(F)xI " IxII3

A key ingredient: Complex Uniform Convexity of L,(7) (Q. Xu) for
O<px1
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We worked together on [P and Ricard, JIMJ to appear in 2016]
and proved the following version of Holder inequality
With 6 as before such that

1 1-6 0 1 1 1

- T4l ad=2_=
q o +2an r=p 2

For any 0 < 0" < 1 be such that

1-0" < (p/2)(1-0)

VE € Bl J(F " )xllg < IJ(F)xI " IxII3

A key ingredient: Complex Uniform Convexity of L,(7) (Q. Xu) for
O<px1

Application:
Non-commutative Khintchine (K}) holds for 0 < p < 1
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More generally

Let x be in Ls(7), and let f € L] with ||f]; = 1. Note that

|f*r =1 (a=1/r). Let 0 < 6 < 1. Let g be determined by
1 1-6 1

0 1
—=——+-andleta=-=———
q p s r p s

Theorem (P.-Ricard)

Let0 < p<g<s<oo. Let a,f be as above. Then for any 0’
such that 1 — 6’ < (p/2)(1 — 0) there is a constant C such that for
any x € Ls(7) and f € Li(7)* with ||f||1 = 1, and for any unitaries
V, W e M commuting with f we have

w00 4 VoGO < Cllar 4 v xS (2)

In particular for any choice of sign +£1 we have

00 s #2000 < Cllr £ x| I (3)

v
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Application to the Mazur maps

The Mazur map M, 4 : Lp(7) = Lg(7) (0 < p, g < c0) given by
M
Mp,q(f) = f|f] 3

uniform homeomorphism between unit spheres (due to Raynaud)
Question: For which 0 < v < 1 is it y-Holder,i.e. 3C such that
Vg, h e Ly(7) with ||g||, = ||hl|p = 1 we have

[Mp.q(g) — Mp,q(h)Hq <Clg- th'

If 1 <p,q < oo, Mpgis Holder with exponent min{1, g} as for

commutative integration (due to E. Ricard) Actually, Ricard proved
that for 0 < p,q < 0o, M, 4 is y-Holder IFF
Vx = x* € Loo(7), |[X]lcc = 1, Vo € Lp(T)T, [|9ll, = 1,

Ixp = pax||, < |[xo & ox|. (4)

But this is the same as (3) with s =00 ¢ =f*andy=1—-6'
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and hence we obtain

For any 0 < p, g < oo and any semifinite von Neumann algebra,
the Mazur map M, 4 is v-Holder for some 0 < v < 1.

If0 < p,q <1 this holds for y < 2 (£)* where k > 0 is the
smallest integer such that g < 3k,
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Thank you !
All preprints are on arxiv
Reference: Gilles Pisier and Eric Ricard. The non-commutative

Khintchine inequalities for 0 < p < 1, to appear in
J.Inst.Math.Jussieu
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