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In Memoriam

Viktor Petrovich Havin, 1933 — 2015.
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Plan of the talk

@ Some motivation.
@ OId and new results on zeros of holomorphic functions.
© Applications to Lieb-Thirring inequalities.

@ Some open problems.
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Some motivation

Let
by ¢4 0

bo
J=J({ak}, {bc}, {ck}) = 6(1)1 a gz

be a complex-valued Jacobi matrix.
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Some motivation

Put

Jo = J({1},{0},{1}) =
Note that o(Jp) = [-2, 2].
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Some motivation

Put

Jo = J({1},{0},{1}) =

o = O
s =S O =
o = O

Note that o(Jp) = [-2,2].

When J — Jp € S

(i.e., limyoo(lak — 1|+ |bk| + |cx — 1]) = 0),
one has oess(J) = oess(Jo) = o(Jp) = [-2,2].
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Some motivation

A fast reminder on Schatten-von Neumann ideals :

Let A € S, the class of compact operators. Let s,(A) = \,(A*A)"/2,
and

Sp={A€Su:||All5, =D sn(AP <o}, p>1.
n
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det(/+ MA) = det(/ + AA) = [ (1 + A\(A)).
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A fast reminder on Schatten-von Neumann ideals :

Let A € S, the class of compact operators. Let s,(A) = \,(A*A)"/2,
and

Sp={A€Su:||All5, =D sn(AP <o}, p>1.
n

For A € S¢, on can consider

det(/+ MA) = det(/ + AA) = [ (1 + A\(A)).
J
Suppose now J — Jp € Sp and p € N for simplicity. Consider

f(\) = detp(J — N)(Jo — A) " =detp(/ + (J — do)(Jo — N)7).
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Some motivation
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Some motivation

We have :

@ f ¢ Hol(C\o(d)),

@ Z(f), the zero set of f, coincides with o(J), the discrete spectrum
of J, up to multiplicities,
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Some motivation

We have :

@ f ¢ Hol(C\o(d)),

@ Z(f), the zero set of f, coincides with o(J), the discrete spectrum
of J, up to multiplicities,

Heyl

IN

exp (Tpll(J = o) — N 1113,
exp (Tpll(J — o)l[5,0(\. o (o)) 7).

IN
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Some motivation

After uniformization, one gets

J— JblP
|f(z)|§exp(rp ! O“S” ), zeD.

(1—1zDPlt — 22P
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Results on zeros of holomorphic functions

e “Classical” Blaschke conditions.
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Results on zeros of holomorphic functions

Theorem (Borichev-Golinskii-K’ 2009)
Letf € A(D), |f(0)| = 1, satisfy the growth condition

K
log |f(2)| < (1—|z|)Pd’(z, F)

forz € D and p,r > 0. Then for each > 0 there is a positive constant
Cy such that

ST (= [¢PHHT U F) < Gy - K.
¢eZ(f)
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Results on zeros of holomorphic functions

Theorem (Borichev-Golinskii-K’ 2015)
Letf € A(D), |f(0)| = 1, satisfy the growth condition

K  di(zE)

log |f(2)| < (1—1|z|)P d(z,F)’

where z € D and p,q,r > 0. Then for all 0 < 7' < 7, there is a positive
constant C, such that

d(r_1+T)+(C F)
P+1+7— , .
Ce;(f) (1 |C| dmin(p,q)+71(<’ E) S 02 K

For some special p, g, one can replace 7’ with .
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Applications to Lieb-Thirring inequalities

Here are some references on recent results on properties of discrete
spectrum of a complex perturbation of a “model” self-adjoint (normal)
operator :

@ 2001 - A. Abramov, A. Aslanyan, E.B. Davies,
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Applications to Lieb-Thirring inequalities

Here are some references on recent results on properties of discrete
spectrum of a complex perturbation of a “model” self-adjoint (normal)
operator :

@ 2001 - A. Abramoy, A. Aslanyan, E.B. Davies,
@ 2006 - R. Frank, A. Laptev, E. Lieb, R. Seiringer,

@ from 2009 - A. Borichev, S. Favorov, L. Golinskii, SK,
M. Demuth, M. Hansmann, G. Katriel,
C. Dubuisson, D. Sambou, ...
J.C. Cuenin, R. Frank, A. Laptev, J. Sabin, B. Simon, C. Tretter, ...
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Lieb-Thirring inequalities

Let Hy = —A considered on L?(RY). One has o(Hp) = R,
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Lieb-Thirring inequalities
Let Hy = —A considered on L?(RY). One has o(Hp) = R
Look at

H=Hy+V=-A+V,

where V € LP(RY), p > 0, is a real-valued potential.
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Lieb-Thirring inequalities
Let Hy = —A considered on L?(R?). One has o(Hg) = R..

Look at
H=Hy+V=-A+V,

where V € LP(RY), p > 0, is a real-valued potential.

One has V(Hy — \)~ ! € S, the class of compact operators, and, by
Weyl’s theorem O'ess(H) - O’ess(HO) - RJr
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Lieb-Thirring inequalities
Let Hy = —A considered on L?(R?). One has o(Hg) = R..

Look at
H:H0+V:_A+V)
where V € LP(RY), p > 0, is a real-valued potential.
One has V(Hy — \)~ ! € S, the class of compact operators, and, by
Weyl,s theorem Uess(H) - Uess(HO) - RJr

Theorem (Lieb-Thirring)
Letp > 0,d > 3. Then

> NP Cpa [ V(0P = Gl V-1

Lp+d/2
Aeoy(H)

where V_ = max{—V,0}.
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Lieb-Thirring inequalities

Consider now a complex-valued V € LP(RY), p > 0.
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Lieb-Thirring inequalities

Consider now a complex-valued V ¢ LP(RY), p > 0.

The above construction applies again.
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To Lieb-Thirring inequalities

Using Theorem 1, one obtains the following

Theorem (Demuth-Hansmann-Katriel)
For T > 0 small enough, one has :
@ ford/2<p<d

d(\, o(Ho))Pt™
< CunlI V11
)\G;,/(H) IA|(P+7)/2(1 4 | \|)(d—P)/2+37/2 . e

e forp>d

d(\, o(Ho))P*" p
> < CuplI VI
d/2 2T 0 LpP
W I+ [A))
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To Lieb-Thirring inequalities

Using Theorem 2, one obtains slightly improved inequalities.

Theorem (Dubuisson-Golinskii-K)
For T > 0 small enough and d/2 < p < d — 1, one has

d(X, o(Ho))P*™
< CuolIVIIF,.
Agd%m PETI72(1 + [N]y72rsr7e = ol e

Forp > d — 1, the obtained inequality is the same as in previous
theorem.

Similar improvements for Dirac, Klein-Gordon, fractional Schrédinger
operators, etc. etc.
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Open problems

@ One was interested in the case Hy = —A and one used that

lg(x) F(iV)lls, < 19lee [1£]]]Le-

Get similar bounds for Hy = Stark operator, Schrédinger operator
with Hardy, Bessel potentials, etc.
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@ Geometry of eigen- (root-) subspaces associated to o4(H) ?
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