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Operator-Lipschitz functions

Let H be a Hilbert space. Let A,B be self-adjoint on H.

If f is Lipschitz and B ∈ S1(H), do we have

f (A + B)− f (A) ∈ S1(H)?

Counterexample by Farforovskaya (1972) : there exist f ∈ C1(R), A,B
bounded self-adjoint operators with B ∈ S1(H) such that

f (A + B)− f (A) /∈ S1(H).

Theorem (D. Potapov, F. Sukochev, 2011)

Let 1 < p <∞. There exists a constant cp > 0 such that for any Lipschitz
function f : R→ C and for all A,B self-adjoint with B ∈ Sp(H),

‖f (A + B)− f (A)‖p ≤ cp‖f ‖Lip1
‖B‖p.
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Second order perturbation

Let A,B be self-adjoint operators and f ∈ C2(R) such that ‖f ′′‖∞ <∞.
Write

Γ(A,B, f ) = f (A + B)− f (A)− d

dt
(f (A + tB))

∣∣
t=0.

Considered for the first time by Koplienko (1984).
If A is bounded and B ∈ S2(H), then

f (A + B)− f (A) and
d

dt
(f (A + tB))

∣∣
t=0

are well defined and belong to S2(H).
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Second order perturbation

If A is unbounded. Take f : x 7→ x2. We have

f (A + B)− f (A) = AB + BA + B2 et
d

dt
(f (A + tB))

∣∣
t=0 = AB + BA.

In the case when A is unbounded, we define Γ(A,B, f ) by an approximation
process.

Theorem (V. Peller, 2004)

There exists C > 0 such that for all f ∈ B2
∞1,

‖Γ(A,B, f )‖1 ≤ C‖f ‖B2
∞1
‖B‖22.
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Second order perturbation

Let f ∈ C 2(R) be such that f (x) = x |x | for |x | ≥ 1 and f (j)(0) = 0,
j = 0, 1, 2.

Theorem (C., Le Merdy, Potapov, Sukochev, Tomskova,
2015)

There exist an unbounded self-adjoint operator A and a self-adjoint
operator B ∈ S2(`2) such that

Γ(A,B, f ) = f (A + B)− f (A)− d

dt
(f (A + tB))

∣∣
t=0 /∈ S

1.
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Second order perturbation

A and B will be of the form A = ⊕n≥1An, B = ⊕n≥1Bn where
An,Bn ∈ B(Hn) with Hn finite dimensional.

We will then have

Γ(A,B, f ) =
⊕
n≥1

(
f (An + Bn)− f (An)− d

dt
(f (An + tBn))

∣∣
t=0

)
.

Lemma

There exist C > 0 and two sequences of operators An,Bn ∈ B(C8n+4) such
that ‖Bn‖22 ≤ 1

n log3/2 n
, for all n ≥ 2, and

‖f (An + Bn)− f (An)− d

dt
(f (An + tBn))

∣∣
t=0‖1 ≥

C

n log1/2(n)
.
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Bilinear Schur multipliers

Let 1 ≤ p ≤ ∞.

• A matrix N = {nij}i ,j≥1 with entries in C is called a Schur multiplier on
Sp if the following action

SN(A) :=
∑
i ,j≥1

nijaijEij , A = {aij}i ,j≥1 ∈ Sp,

defines a bounded operator on Sp(`2).

• A three-dimensional matrix M = {mikj}i ,k,j≥1 with entries in C is called
a bilinear Schur multiplier onto Sp if the following action

TM(A,B) :=
∑

i ,j ,k≥1

mikjaikbkjEij , A = {aij}i ,j≥1,B = {bij}i ,j≥1 ∈ S2,

defines a bounded bilinear mapping from S2 × S2 onto Sp(`2).
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Bilinear Schur multipliers

Remarks : • There is a description of linear Schur multipliers on S∞(`n2)
(Grothendieck’s theorem).

• If N = {nij}i ,j≥1 is a linear Schur multipliers onto Sp then
supi ,j≥1 |nij | <∞. For p = 2, this condition is sufficient and we have,

‖SN : S2 → S2‖ = sup
i ,j≥1
|nij |.

• A matrix M = {mikj}i ,k,j≥1 is a bilinear Schur multiplier onto S2 if and
only if supi ,j ,k≥1 |mikj | <∞.

Proposition
Let n ∈ N∗. Let M = {mikj}ni ,k,j=1 be a three-dimensional matrix and for
all 1 ≤ k ≤ n, denote T (k) the matrix given by T (k) = {mikj}ni ,j=1. Then∥∥TM : S2

n × S2
n → S1

n

∥∥ = max
1≤k≤n

∥∥ST (k) : Mn → Mn

∥∥.
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Bilinear Schur multipliers

Let A0,A1 ∈ B(Cn) be diagonalizable self-adjoint operators. For j = 0, 1,
let ξj = {ξ(j)i }ni=1 be an orthonormal basis of eigenvectors for Aj , and let
{λ(j)i }ni=1 be the associated n-tuple of eigenvalues.

Denote P
ξ
(j)
i

= ξ
(j)
i ⊗ ξ

(j)
i the projection onto Cξ(j)i .

Let ψ : R2 → C be a bounded Borel function. Define a linear operator
TA0,A1
φ : B(Cn)→ B(Cn) given by

TA0,A1
φ (X ) =

n∑
i ,k=1

φ(λ
(0)
i , λ

(1)
k )P

ξ
(0)
i

XP
ξ
(1)
k

, X ∈ B(Cn).
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Bilinear Schur multipliers

Let A0,A1,A2 ∈ B(Cn) be diagonalizable self-adjoint operators and for any
j = 0, 1, 2, let ξj = {ξ(j)i }ni=1 be an orthornomal basis of eigenvectors of Aj

and let {λ(j)i }ni=1 be the corresponding n-tuple of eigenvalues.

Let ψ : R3 → C be a bounded Borel function. We define the bilinear
mapping

TA0,A1,A2
ψ (X ,Y ) =

n∑
i ,j ,k=1

ψ(λ
(0)
i , λ

(1)
k , λ

(2)
j )P

ξ
(0)
i

XP
ξ
(1)
k

YP
ξ
(2)
j

for any X ,Y ∈ B(Cn).
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Bilinear Schur multipliers

Writing X in the basis (ξ0, ξ1), we obtain

Proposition

‖TA0,A1
φ : S∞n → S∞n ‖ =

∥∥{φ(λ
(0)
i , λ

(1)
k )}ni ,k=1 : S∞n → S∞n

∥∥.
Writing X in the basis (ξ0, ξ1) and Y in the basis (ξ1, ξ2), we obtain the
following result :

Proposition

∥∥TA0,A1,A2
ψ : S2

n×S2
n → S1

n

∥∥ =
∥∥{ψ(λ

(0)
i , λ

(1)
k , λ

(2)
j )}ni ,j ,k=1 : S2

n×S2
n → S1

n

∥∥
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Divided differences and fundamentals formulas

• Let f : R→ R be a continuous function and assume that f admits right
and left derivatives f ′r (x) and f ′l (x) at each x ∈ R.
The divided difference of first order is defined by

f [1] (x0, x1) :=

{
f (x0)−f (x1)

x0−x1 , if x0 6= x1
f ′r (x0)+f ′l (x0)

2 if x0 = x1
, x0, x1 ∈ R.

• If f ∈ C 2(R), the divided difference of second order is defined by

f [2] (x0, x1, x2) :=

{
f [1](x0,x1)−f [1](x1,x2)

x0−x2 , if x0 6= x2,
d
dx0

f [1](x0, x1), if x0 = x2
, x0, x1, x2 ∈ R.
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Divided differences and fundamentals formulas

Proposition
For all self-adjoint A0,A1 ∈ B(Cn)

f (A0)− f (A1) = TA0,A1
f [1]

(A0 − A1).

If f ∈ C 1(R), the function t 7→ f (A0 + tA1) is differentiable and

d

dt

(
f (A0 + tA1)

)∣∣∣
t=0

= TA0,A0
f [1]

(A1).

Theorem

For all self-adjoints A,B ∈ B(Cn) and all function f ∈ C 2(R), we have

f (A + B)− f (A)− d

dt

(
f (A + tB)

)∣∣∣
t=0

= TA+B,A,A

f [2]
(B,B).
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Sketch of the proof

Define f0(x) = |x |.

Theorem (Davies, 1988)

There exists a constant C > 0 such that for any n ≥ 1, there exist
An,Bn ∈ B(C2n) self-adjoint such that Bn 6= 0 and

‖f0(An + Bn)− f0(An)‖1 ≥ C log n‖Bn‖1.

Since f0(An + Bn)− f0(An) = TAn+Bn,An

f [1]
(Bn) , this implies that

∥∥TAn+Bn,An

f
[1]
0

: S1
2n+1 → S1

2n+1
∥∥ =

∥∥TAn+Bn,An

f
[1]
0

: S∞2n+1 → S∞2n+1
∥∥

≥ C log n.
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Sketch of the proof

Let f ∈ C 2(R) be such that f (x) = x |x | for |x | ≥ 1 and f (j)(0) = 0,
j = 0, 1, 2.

By the equalities

∥∥TAn+Bn,An,An

f [2]
: S2

n × S2
n → S1

n

∥∥
=
∥∥{f [2](λ(0)i , λ

(1)
k , λ

(2)
j )}ni ,j ,k=1 : S2

n × S2
n → S1

n

∥∥
= max

1≤k≤n

∥∥{f [1](λ(0)i , λ
(1)
k , λ

(2)
j )}ni ,k=1 : : Mn → Mn

∥∥.
≥ C log(n)

and (lots of) technicalities, we obtain the estimate in the finite dimensional
case.
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Sketch of the proof

Thank you for your attention !
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