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1ITZ FUNCTIONS

Let H be a Hilbert space. Let A, B be self-adjoint on H.
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OPERATOR-LIPSCHITZ FUNCTIONS

Let H be a Hilbert space. Let A, B be self-adjoint on H.
If f is Lipschitz and B € S1(#), do we have

f(A+ B) — f(A) € SY(H)?
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OPERATOR-LIPSCHITZ FUNCTIONS

Let H be a Hilbert space. Let A, B be self-adjoint on H.
If f is Lipschitz and B € S1(#), do we have

f(A+ B) — f(A) € SY(H)?

Counterexample by Farforovskaya (1972) : there exist f € C}(R), A, B
bounded self-adjoint operators with B € S1(#) such that

f(A+ B) — f(A) ¢ SY(H).
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OPERATOR-LIPSCHITZ FUNCTIONS

Let H be a Hilbert space. Let A, B be self-adjoint on H.
If £ is Lipschitz and B € S1(#), do we have

f(A+ B) — f(A) € SY(H)?

Counterexample by Farforovskaya (1972) : there exist f € C}(R), A, B
bounded self-adjoint operators with B € S1(#) such that

f(A+ B) — f(A) ¢ SY(H).

THEOREM (D. Porapov, F. SUKOCHEV, 2011)

Let 1 < p < oo. There exists a constant ¢, > 0 such that for any Lipschitz
function f : R — C and for all A, B self-adjoint with B € S,(H),

IF(A+B) = f(A)llp < collfllLip, | Bllo-
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SECOND ORDER PERTURBATION

Let A, B be self-adjoint operators and f € C2(R) such that ||f"|| < oo.
Write

[(A,B.f) = f(A+ B) — F(A) — (F(A+1B))]
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SECOND ORDER PERTURBATION

Let A, B be self-adjoint operators and f € C2(R) such that ||f"|| < oo.

Write J
NA,B,f)=f(A+B)—f(A) — E(f(A + tB))\tZO.

Considered for the first time by Koplienko (1984).
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SECOND ORDER PERTURBATION

Let A, B be self-adjoint operators and f € C2(R) such that ||f"|| < oo.
Write

[(A,B.f) = f(A+ B) — F(A) — (F(A+1B))]

Considered for the first time by Koplienko (1984).
If A'is bounded and B € S?(#), then

are well defined and belong to S?(H).
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SCOND ORDER PERTURBATIO

If Ais unbounded. Take f : x — x2. We have

d (f(A+tB))|,_, = AB + BA.

f(A+ B) — f(A) = AB+ BA+ B? et o
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SECOND ORDER PERTURBATION

If Ais unbounded. Take f : x — x2. We have

d (f(A+tB))|,_, = AB + BA.

f(A+ B) — f(A) = AB+ BA+ B? et o

In the case when A is unbounded, we define I'(A, B, f) by an approximation
process.
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SECOND ORDER PERTURBATION

If Ais unbounded. Take f : x — x2. We have

d (f(A+tB))|,_, = AB + BA.

f(A+ B) — f(A) = AB+ BA+ B? et o

In the case when A is unbounded, we define I'(A, B, f) by an approximation
process.
THEOREM (V. PELLER, 2004)

2

There exists C > 0 such that for all f € BS_;,

IF(A, B, )l < Clfllg2, B3
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“COND ORDER PER

Let f € C?(R) be such that f(x) = x|x]| for |x| > 1 and f1)(0) =0,
Jj=0,1,2.
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SECOND ORDER PERTURBATION

Let f € C?(R) be such that f(x) = x|x]| for |x| > 1 and f1)(0) =0,
Jj=0,1,2.

THEOREM (C., LE MERDY, POTAPOV, SUKOCHEV, TOMSKOVA,
2015)

There exist an unbounded self-adjoint operator A and a self-adjoint
operator B € S%(¢?) such that

(A B,f)=f(A+B)—f(A) — d

E(f(A +tB))|,_, £ S*-
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“COND ORDER PER

A and B will be of the form A = @&,>1A,, B = ©,>1B, where
An, Bn € B(H,) with H,, finite dimensional.
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SECOND ORDER PERTURBATION

A and B will be of the form A = @&,>1A,, B = ©,>1B, where
An, Bn € B(H,) with H,, finite dimensional.
We will then have

r(A, B7 f) — @ (f(An + Bn) - f(An) - %(f(An + tBn))lt:o> .
n>1
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SECOND ORDER PERTURBATION

A and B will be of the form A = @&,>1A,, B = ©,>1B, where
An, Bn € B(H,) with H,, finite dimensional.
We will then have

r(A7 B7 f) — @ (f(An + Bn) - f(An) - i(f-(An + tBn))lt:0> .

dt
n>1

LEMMA

There exist C > 0 and two sequences of operators A,, B, € B(C8"*%) such
2 1
that HBnH2 S m, for a” n 2 27 and

d C
f(An+ Bn) — f(An) — —(F(An + tBp))|._ > —.
I7(An =+ Bn) = F(An) = (A + B0 ol 2
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BILINEAR SCHUR MULTIPLIERS

Let 1 < p < oo.

e A matrix N = {njj}; j>1 with entries in C is called a Schur multiplier on
SP if the following action

Sn(A) =) njagEj, A={aj}ij>1 € SP,

ij>1

defines a bounded operator on SP(¢?).
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BILINEAR SCHUR MULTIPLIERS

Let 1 < p < oo.

e A matrix N = {njj}; j>1 with entries in C is called a Schur multiplier on
SP if the following action

=Y njajEj, A={a;}ij>1 €SP,
ij>1

defines a bounded operator on SP(¢?).

e A three-dimensional matrix M = {mjy;}; x j>1 with entries in C is called
a bilinear Schur multiplier onto SP if the following action

m(A,B) = Y mijaibgEj, A={aj}ijz=1,B={bj}ij>1 €S
ijk>1

defines a bounded bilinear mapping from S? x 52 onto SP(¢?).
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BILINEAR UR MULTIPLIERS

Remarks : e There is a description of linear Schur multipliers on 5°°(¢3)
(Grothendieck’s theorem).
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BILINEAR SCHUR MULTIPLIERS

Remarks : e There is a description of linear Schur multipliers on 5°°(¢3)
(Grothendieck’s theorem).

o If N ={njj}ij>1 is a linear Schur multipliers onto SP then

sup; j>1 |njj| < oo. For p = 2, this condition is sufficient and we have,

|Sn : 8% — S?|| = sup |njl.
ij>1
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BILINEAR SCHUR MULTIPLIERS

Remarks : e There is a description of linear Schur multipliers on 5°°(¢3)
(Grothendieck’s theorem).

o If N ={njj}ij>1 is a linear Schur multipliers onto SP then

sup; j>1 |njj| < oo. For p = 2, this condition is sufficient and we have,

|Sn : 8% — S?|| = sup |njl.
ij>1

o A matrix M = {mjyj}; xj>1 is a bilinear Schur multiplier onto S? if and
only if sup; ; x>1 [mikj| < oo.
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BILINEAR SCHUR MULTIPLIERS

Remarks : e There is a description of linear Schur multipliers on 5°°(¢3)
(Grothendieck’s theorem).

o If N ={njj}ij>1 is a linear Schur multipliers onto SP then

sup; j>1 |njj| < oo. For p = 2, this condition is sufficient and we have,

. Q2 2
[Sn = 8% = 87| = sup [nj].
ij>1
o A matrix M = {mjyj}; xj>1 is a bilinear Schur multiplier onto S? if and

only if sup; ; x>1 |mjj| < oo.

PROPOSITION

Let n € N*. Let M = {mq}], ;_; be a three-dimensional matrix and for
all 1 < k < n, denote T (k) the matrix given by T(k) = {mjq}7;_. Then

HTM : 8,2, X 5,2, — S,l,H = 1[;1?;””57-(;() : M,, — M,,H
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BILINEAR SCHUR MULTIPLIERS

Let Ag, A; € B((C”) be diagonalizable self-adjoint operators. For j = 0, 1,
let §; = {50 1 be an orthonormal basis of eigenvectors for A;, and let

{/\(J ., be the associated n-tuple of eigenvalues.

Denote ng) = 519) ®§§J the projection onto Cﬁlgj :
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BILINEAR SCHUR MULTIPLIERS

Let Ag, A; € B((C”) be diagonalizable self-adjoint operators. For j = 0, 1,
let §; = {50 1 be an orthonormal basis of eigenvectors for A;, and let

{/\(J L be the associated n-tuple of eigenvalues.

Denote Pg_u) - gl(f) ® gi(f) the projection onto (Cgi(j).

Let 1) : R? — C be a bounded Borel function. Define a linear operator
T/ - B(C") — B(C") given by

n 0 1 n
/oM (X) = ;1 oA NP0 XPw, X € BC).
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BILINEAR SCHUR MULTIPLIERS

Let Ag, A1, A2 € B(C") be diagonalizable self-adjoint operators and for any
j=0,1,2, Iet & = {f(’ 1 be an orthornomal basis of eigenvectors of A;

and let {)\ }” be the correspondmg n-tuple of eigenvalues.
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BILINEAR SCHUR MULTIPLIERS

Let Ag, A1, As € B((C") be diagonalizable self-adjoint operators and for any
j=0,1,2, Ietgj_{g

1 be an orthornomal basis of eigenvectors of A;
and let {)\ }”

be the correspondmg n-tuple of eigenvalues.

Let 7 : R3 — C be a bounded Borel function. We define the bilinear
mapping

n

Tt (X Y) = 3 e A AP0 XP YP)
ijk=1 '
for any X, Y € B(C").
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HUR MULTIPLIERS

Writing X in the basis (&g, &1), we obtain
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BILINEAR SCHUR MULTIPLIERS

Writing X in the basis (&g, &1), we obtain
PROPOSITION

1T oM 85 — 8% = {22,y 8% — 82|.

GDR AFHP-CIRMDECEMBER 3 201
A5V M @Te)iN MM AN A0 15w ol D)o 2N WWNel A N APPLICATION OF SCHUR MULTIPLIERS /17




BILINEAR SCHUR MULTIPLIERS

Writing X in the basis (&g, &1), we obtain
PROPOSITION

1T oM 85 — 8% = {22,y 8% — 82|.

Writing X in the basis (£p,&1) and Y in the basis (&1, &), we obtain the
following result :

GDR AFHP—CIRI\/IDECEMBER/B 201
17

A5V M @Te)iN MM AN A0 15w ol D)o 2N WWNel A N APPLICATION OF SCHUR MULTIPLIERS



BILINEAR SCHUR MULTIPLIERS

Writing X in the basis (&g, &1), we obtain

PROPOSITION

1754 850 = 8l = [{e, X ker: 872 = 5721

Writing X in the basis (£p,&1) and Y in the basis (&1, &), we obtain the
following result :

PROPOSITION

| TooAA2: 82x82 = S| = [{o®, A0, APy, 82x82 = 81|
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DIVIDED DIFFERENCES AND FUNDAMENTALS FORMULAS

e Let f: R — R be a continuous function and assume that f admits right
and left derivatives f/(x) and f/(x) at each x € R.
The divided difference of first order is defined by

7f(xo)_f(xl) y if X0 75 X1

X0—X:

f[]-] (X07 X]_) = frl(Xg)‘i’f/l(XO) , X0,X1 € R.
2

if X0 = X1
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DIVIDED DIFFERENCES AND FUNDAMENTALS FORMULAS

e Let f: R — R be a continuous function and assume that f admits right
and left derivatives f/(x) and f/(x) at each x € R.
The divided difference of first order is defined by

7f(xo)_f(xl) y if X0 75 X1

X0—X:

f[]-] (X07 X]_) = frl(Xg)‘i’f/,(XO) , X0,X1 € R.
2

if X0 = X1

e If f € C%(R), the divided difference of second order is defined by

f[l](xo x1)—f[1](x1 x2) .
d d if xg # x:
12l (X0, X1, X2) = X0 —x2 ’ 07 X2,

diXof[l](Xo,Xl), if X0 = X2

, X0, X1,X2 € R.
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DIVIDED DIFFERENCES AND FUNDAMENTALS FORMULAS

PROPOSITION
For all self-adjoint Ag, A1 € B(C")

F(Ao) — F(A1) = TAY™ (Ao — Ar).
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DIVIDED DIFFERENCES AND FUNDAMENTALS FORMULAS

PROPOSITION
For all self-adjoint Ag, A1 € B(C")

F(Ao) — F(A1) = TAY™ (Ao — Ar).

If f € CY(R), the function t — f(Ag + tA1) is differentiable and

d Ag,A
Z(F(Ao+tAn)| = Tso(Ay).
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DIVIDED DIFFERENCES AND FUNDAMENTALS FORMULAS

PROPOSITION
For all self-adjoint Ay, A1 € B(C")

f(Ao) — F(A1) = TH3™ (Ao — Av).

If f € CY(R), the function t — f(Ag + tA1) is differentiable and

d Ag,A
Z(F(Ao+tAn)| = Tso(Ay).

THEOREM
For all self-adjoints A, B € B(C") and all function f € C%(R), we have

d A+B,AA
f(A+ B) — F(A) — —(F(A+ tB)) ’t:o — TAIBAAB, B).

v
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SKETCH OF THE PROOF

Define fo(x) = |x|.

THEOREM (DAVIES, 1988)

There exists a constant C > 0 such that for any n > 1, there exist
A, B, € B(C?") self-adjoint such that B, # 0 and

10(An + Bn) — fo(An)ll1 > Clog nl|By|1-
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SKETCH OF THE PROOF

Define fo(x) = |x|.

THEOREM (DAVIES, 1988)

There exists a constant C > 0 such that for any n > 1, there exist
A, B, € B(C?") self-adjoint such that B, # 0 and

10(An + Bn) — fo(An)ll1 > Clog nl|By|1-

Since fo(An + By) — fo(An) = T/5t5"(B,) , this implies that

| Tg[\lnl+Bn’A" St = Sapeal| = || Tgf]JrB"’A" : Sovi1 — Sso |
> C logn.
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1 OF THE PROOF

Let f € C?(R) be such that f(x) = x|x| for [x| > 1 and fU)(0) = 0,
j=0,1,2.
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SKETCH OF THE PROOF

Let f € C?(R) be such that f(x) = x|x| for [x| > 1 and fU)(0) = 0,
j=0,1,2.

By the equalities

| T/ B AnAn: S2 5 82— Sh

= H{f[Z](Afo)Af)Jf-z)) ?,j,k:l: 55 X 5,21 - S%H

= max [ N XD r s My = M.
> Clog(n)
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SKETCH OF THE PROOF

Let f € C?(R) be such that f(x) = x|x| for [x| > 1 and fU)(0) = 0,
j=0,1,2.

By the equalities

| T/ B AnAn: S2 5 82— Sh

= H{f[Z](Afo)Af)Jf-z)) ?,j,k:l: 55 X 5,21 - S%H

= max [ N XD r s My = M.
> Clog(n)

and (lots of) technicalities, we obtain the estimate in the finite dimensional
case.
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H OF THE PROOF

Thank you for your attention !
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