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Uncertainty Principle in Harmonic Analysis

A nonzero function and its Fourier transform can not be too
“small” simultaneously.

The word ”"small” can be understood in many different ways:
smallness of support, fast decay at some point, etc.
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One of the topics of particular interest for V. Havin was the
Beurling-Malliavin theory.
e



Two problems for functions with bounded spectra

Let @ > 0 and let f € L2(R), suppf C [—a, &].

Problem 1. For which functions w > 0, the estimate |?| <w
implies that f =0 a.e.?

If there exists a nonzero function f with |f| < w, we say that w
is an admissible majorant.
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This condition is equivalent to the completeness of the system of
exponentials x := {€*}\cp in L?(—a, &) or of reproducing
kernels (cardinal sine functions) {k}rep in PW, = L2(—a, a).
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Problem 1. For which functions w > 0, the estimate |f| < w
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A. Beurling, P. Malliavin, On Fourier transforms of measures with
compact support, Acta Math. (1962).

A. Beurling and P. Malliavin, On the closure of characters and the
zeros of entire functions, Acta Math. (1967).



Beurling-Malliavin Theory

A necessary condition for w to be an admissible majorant is the
convergence of the logarithmic integral

/loQW(:)dX>—oo.
R 1+ x

This is a criterion for being an admissible majorant in the
Hardy space (functions with semi-bounded spectra).
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Hardy space (functions with semi-bounded spectra).

Beurling-Malliavin Multiplier Theorem (BM1)

If the logarithmic integral converges and the function
Q = —log w is Lipschitz on R, then w is an admissible majorant
for PW,, for any o > 0.

The term "Multiplier Theorem” refers to the fact that the
function 1/w (which is large) can be multiplied by an entire
function with an arbitrary small spectrum so that the product

be bounded.
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Beurling-Malliavin Theory

R(A) := sup{a: &, is complete in L?(—a,a)} — radius of
completeness

Beurling-Malliavin Theorem on Radius of Completeness (BM2)

R(A\) = nDBM(A).

We will say that the sequence A C R is aregular if its counting
function np satisfies

LR
R 1 +X2

The exterior Beurling-Malliavin density DBM(A) is the infimum
of numbers a such that the sequence AU N is a-regular for some
N CR.

This definition belongs to J.-P. Kahane. The original definition
given by Beurling and Malliavin used the notion of short system
of intervals.



Havin’s approach to BM1

All previous proofs (Beurling-Malliavin, Koosis, de Branges)
used essentially complex analysis. Havin (joint with

J. Mashreghi and F. Nazarov) found a real proof of BM1.
Another advantage of this approach is that it applies to more
general spaces of analytic functions (model spaces Kg,

de Branges spaces).

@ V.P. Havin, J. Mashreghi, Admissible majorants for model
subspaces of H2. Part I: slow winding of the generating inner
function, Can. J. Math. (2003).

@ V.P. Havin, J. Mashreghi, Admissible majorants for model
subspaces of H2. Part II: fast winding of the generating inner
function, Can. J. Math. (2003).

@ V.P. Havin, J. Mashreghi, F.L. Nazarov, Beurling-Malliavin
multiplier theorem: the 7th proof, St. Petersburg Math. J.
(2006).



Havin’s approach to BM1

1. Parametrization of admissible majorants.

Let w > 0 and with Q = —logw € L'(), dN(t) = ,z%-

Q(x) = v.p. :T/R <x1—t = tzi‘l) Q(t)dt.

Then w is an admissible majorant if and only if there exists a
bounded function m > 0 with mw € L?(R) and logm € L'(I)
such that

at+Q(t) = logm(t) + 7k a.e. on R,

where K is a measurable function with integer values.
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Q(x) = v.p. :T/R <x1—t = tzi‘l) Q(t)dt.

Then w is an admissible majorant if and only if there exists a
bounded function m > 0 with mw € L?(R) and logm € L'(I)
such that

at+Q(t) = logm(t) + 7k a.e. on R,

where K is a measurable function with integer values.
The same holds for spaces Ko with at replaced by  arg ©(t).

This representation is based on an observation due to
K. Dyakonov: h = |f| for f € Kg iff ?© € H'.
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2. Conditions in terms of Q.

If Q is Lipschitz, then w is an admissible majorant for PWj for
any a> [|(Q2)/||co-

This result is a special case of a much more general sufficient
admissibility condition applicable to general de Branges spaces
(= spaces Ko with meromorphic ©).
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2. Conditions in terms of Q.

If Q is Lipschitz, then w is an admissible majorant for PWj for
any a> [|(Q2)/||co-

This result is a special case of a much more general sufficient
admissibility condition applicable to general de Branges spaces
(= spaces Ko with meromorphic ©).

But Q € Lip does not imply that Qe Lip.

3. Nazarov’s correction theorem.

IfQe LI,D7 then for any € > 0 there exists 21 > € such that
Qq € L'(N), Q4 is Lipschitz and [|(Q1)||s0 < €.

Now wy = exp(—4) is admissible and w > wjy.
The proof is based on an ingenious combinatorial construction.



Beurling-Malliavin Multiplier Theorem: the Seventh Proof

Combining the last two results one obtains a real variable and,
probably, the shortest proof of the Multiplier Theorem.

V.P. Havin, J. Mashreghi, F.L. Nazarov, Beurling—Malliavin
multiplier theorem: the 7th proof, St. Petersburg Math. J.
(2006).
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V.P. Havin, J. Mashreghi, F.L. Nazarov, Beurling—Malliavin
multiplier theorem: the 7th proof, St. Petersburg Math. J.
(2006).

As an epigraph Victor Petrovich used the following quotation:
stk ook ok ok ok ok ok ok ok sk ok sk ok sk ok ok kb ok ok ok ko o
”...Ha 310 cymecTByeT cenpbMoe JOKA3ATENBCTBO, U YK CAMOE

majgexuoe! U Bam oHO ceiiuac OyIeT mperbsaBIeHo.”
M.A. Bynraxos, Macrep m Maprapura

Sk >k sk ok s sk sk sk sk R sk K ROk kK ok skok skok kokok skok sk skok skosk sk skosk skosk skoskoskoskosk skoskok sk

”...Yet the seventh proof of that exists, reliable beyond doubt!
And it will be shown you in a while.”
M.A. Bulgakov, The Master and Margarita
e



Further developments

The papers by Havin and Mashreghi cited above contain also a
number of results about admissible majorants in de Branges
spaces of entire functions. In particular, it is shown that the
theory bifurcates in two essentially different situations:

o Fast (linear or super-linear) growth of arg© on R
e Slow (sub-linear) growth of arg® on R
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@ Yu. Belov (2008) — two-sided estimate (|f| < w)

e A. Baranov, H. Woracek (2009-2011) - relation between
admissible majorants and chains of de Branges subspaces.



Gap Problem

Let X be a closed subset of R. Denote by M(X) the set of finite
complex measures supported by X. The gap characteristic G(X)
is defined by

G(X) = sup{a: u € M(X) such that u(x) =0,x € (—a,a)}.
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Let X be a closed subset of R. Denote by M(X) the set of finite
complex measures supported by X. The gap characteristic G(X)
is defined by

G(X) = sup{a: u € M(X) such that u(x) =0,x € (—a,a)}.

Solution:

e M. Mitkovski, A. Poltoratski (2010) — for the case when
X = A is a separated sequence, i.e.,

d(A) == inf |[A—X|>0.
AN EANAN

Answer — interiour Beurling—Malliavin density.

e A. Poltoratski (2012) — general case (energy condition)
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We will say that the sequence A C R is aregular if its counting
function np satisfies
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The exterior Beurling-Malliavin density DBM(A) is the infimum
of numbers a such that the sequence AU A is a-regular for some
N CR.

The interior Beurling-Malliavin density Dgy(A) is the
supremum of numbers a such that the function nps is strongly
a-regular for some N C A.



Gap Problem

We will say that the sequence A C R is aregular if its counting
function np satisfies

/W(X)_zaxydx<oo.
R 1T4+x

The exterior Beurling-Malliavin density DBM(A) is the infimum
of numbers a such that the sequence AU A is a-regular for some
N CR.

The interior Beurling-Malliavin density Dgy(A) is the
supremum of numbers a such that the function nps is strongly
a-regular for some N C A.

Theorem (Mitkovski, Poltoratski, 2010)

Let A be a separated sequence. Then G(A) = 7Dgy(N).

The proof: Beurling—Malliavin theory, Toeplitz kernels, de
Branges spaces
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Short proof of the Gap Theorem

A.B., Yu. Belov, A. Ulanovskii, after an idea by A. Olevskii

Assume A C aZ,a > 0. Then Dgy(A) + DEM(aZ \ A) = 1/a.

Assume A C aZ,a > 0. Then G(A) + R(aZ\ N) = 7/«

Proof for the case A C oZ:
G(\) = 7/a — R(aZ\ A) = n/a — 1DBM(aZ \ A)

=7/a —n(1/a — Dgu(A)) = 7Dgu(N).



Short proof of the Gap Theorem

The general case — a perturbation argument.

Given a separated set A, consider its perturbations:

A={A+ex: A€}

Proposition 3.

Assume A is a separated set. For every positive number
d < d(N)/4, and every number ¢) satisfying /2 < e) < J the
set A\ satisfies

G(A) = G(N).  Deu(A) = Dau(N).-

Equality Dgy(A) = Dgy(A) is obvious, since ny — ng € L>.

To prove that G(A) = G(A), we use the fact that 2 vanishes on
[—a, & iff the Cauchy transform of y decays faster than e~2IZl
along iR for any b < a.

End of the proof: Fix any separated set A and 0 <& < d(A)/4.
Clearly, there is a set A such that A C o, for some o> 0.



Assume A C aZ,a > 0. Then G(A) + R(aZ \ N\) = 7/

Let a=1,ANCZ, T :=Z\N\

If & is not complete in L2(0,2a), 0 < a < , then 3f € L2(R)
which vanishes outside (0,2a) and f L &r. For € > 0 put

g = f*h, where h is a smooth function supported by [0, £]. Then
g is smooth, vanishes outside (0,2a+ ¢) and is orthogonal to &r.

g(x) = Z a,e™ = Z aneinx’ {an) € o
neZ nen

So, it := > ,cp @ndn € M(A) and has a spectral gap of length at
least 2m —2a—¢e. So R() + G(A) > .
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Let a=1,ANCZ, T :=Z\N\

If & is not complete in L2(0,2a), 0 < a < , then 3f € L2(R)
which vanishes outside (0,2a) and f L &r. For € > 0 put

g = f*h, where h is a smooth function supported by [0, £]. Then
g is smooth, vanishes outside (0,2a+ ¢) and is orthogonal to &r.

g(x) — Z aneinx _ Z aneinx’ {an} = o

nez nen

So, it := > ,cp @ndn € M(A) and has a spectral gap of length at
least 2m —2a—¢e. So R() + G(A) > .

Now, suppose that there exists a nontrivial measure p such that
fi=0on (0,2a). Put g(x) = ﬁ|(2a on)- Lhen g € L2(0,27) and
g L &r. Hence, R(I') <7 —a. So, R(I") + G(\) < 7.



