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Maxwell's equations in inhomogeneous media

Time-harmonic Maxwell’s equations : Inhomogeneous medium
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Green’s function : Inhomogeneous medium
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Total solution to the wave equation !
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Physical problems can often be formulated as a
multiple-scattering problem
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Meso-scopic approximation : permittivity, (x) is piecewise constant and u(x)=1
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T-matrix simplifies the formulation of the
multiple-scattering problem
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Green’s function of a homogeneous media

Scalar case

AGo(X —X") + k*Gy(Xx — X)) = —6(X* — X')
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Homogenous scalar Helmholtz equation
with constant permittivity

Change of variables:
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Spherical Bessel function equation
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Linearly independent solutions

Spherical Bessel functions (1)  j,, (x)
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Outgoing spherical Hankel functions (+)
RSP (x) = jin () + 19, (2)
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Spherical Neumann functions (2) y,,(x)
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Partial wave basis (scalar waves)

_ 0 n
Plane wave expansion : e = Z Z A P (kr)

Nn=0 m=-n

Plane wave Coefficients : \

Pnm = 4ninYsz (k) (pn,m(kr) — jn(kr)yn,m(g» ¢)

Regular partial wave :

Outgoing “partial” wave :
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Vector partial waves

VxVxE—K’E=0
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Vector spherical harmonics
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Partial wave expansions for Green’s functions
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T-matrix of a scatterer (multipole representation)
“Seeing is believing and all we see is scattered light” J.C. Stover

Excitation field Scattering field
@“>(k?> , NI f
T-matrix :
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Scattering by a sphere
Lorenz(1890)-Mie(1908)-Debye(1909) theory

Dornréoschen
G. MIE, AMMN PHYS V25 P377 (1908)
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(1868-1957)

Ludvig Lorenz (1829-91)

“Light scattering and reflection by a transparent sphere (surface)”
in Oeuvres scientifiques de L. Lorenz. revues et annotées par H. Valentiner.

Tome Premier, Libraire Lehmann & Stage, Copenhague, 1898, p 403-529.
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Lorenz-Mie Coefficients : a,, , b,
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T-matrix of a sphere
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The way we write things is important !
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Multiple scattering
(Foldy-Lax excitation field formulation + T-matrix )

Aggregate of N objects subject to an incident field :
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Matrix balancing A

Matrix balanced equations are well conditioned for numerical inversion
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B. Stout et al., J. Opt. Soc. Am. A, 25 (2008)



Decay rates and directivity
of quantum emitters near nano-antennas

B J E@) = w? o G(T, 6) P
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Quasi-analytic partial wave formulation :
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Method : B.Stout, et al. J. Opt. Soc. Am. B, 28, doi:10.1364/JOSAB.28.001213 (2011)



Multipole theory can simulate (Optical) Antenna properties

Subwavelength field enhancements to + Lifetime modification of quantum emitters
efficiently excite quantum emitters

Nature Communications, 3 , 962 (2012)
Angewandte Chemie, 51, (2012)
NANO Letters 11, (2011)

Normalized intensity ©

 Directive emissions
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Optical receiving antenna ?

No equivalent in optics for co-axial to cables to extract
energy from the antenna !

Need a sub-wavelength receiving element to convert light energy
to another form !

( Receiving element can also be
described via T-matrix )




T-matrix coefficients are constrained by the underlying physics !
(spherically symmetric case) (

T-matrix coefficients Lorenz-Mie coefficients
Tée) (w) and Trgh) (w) an(w) and bn(w)
Im{T}

' ' Im{a} Energy conservation circle
H Energy conservation circle ay !
-+ | Re{an} — |Cln|

B — 2
/ Re{T,} = |T,,| Re{b,} = |b,| 2

/— i12

-i/2

Unitary ‘limit, 7™ = -1 “Invisible’ T*™ = 0 Unitary ‘limit’, a, = 1,b,= 1



Cross sections in Mie theory

Valid for any scatterer

Extinction : O. :—k—lzRe(fT.p):—i—fi(Zn +1)Re(t,(f) +t,§h)):+i—fi(2n +1)Re(a, +b,)
n=1 n=1

2

2 e
Scattering ; s = P fr.f _k—ﬂZ(szrl)(tr(])

n=1

j k_”z (20+2)([a,f + o,
Absorption : o, =0, — O,

Exact electric dipole polarizability can be deduced from Mie theory !

a(w) = 67TT1(8)/ik3



Quasi-static limit — electric dipole

im0 = D am o (x n
X = kR
. (2n — D! .
chl—r>r(l) hn (x) = jynt1 DICI_I}(I) p,(x) > n+1
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Electric dipole term (n=1) dominates for small particle sizes :
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Small particle === (plasmonics)

A particle much smaller than the wavelength generally interacts with incident light

via its electric dipole moment . =
} P = Eogba(w)Eexc

a(w) = 67TT1(3)/ik3
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€b lim a(w) = 47R3 — = a,
w—0 2& + &

Oovt = kIm{a(w _
ext k4|i(i)?g Oabs—0ext Oscat = 0

Oscat = . \ /
Unitary limit
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S-Matrix
( absorption/lasing and energy conservation/unitary limit )

The S—matrix relates the outgoing part of the total field to the incoming part

Etot(k?) = Eexc(k?) + Escat(k?)
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S is unitary for lossless scatterers at real frequencies

Energy conservation : ) _ Ly = = —
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Limit behaviors correspond to cross section bounds
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Ideal absorption : 5™ =0

en _ (en  A@n+1)

(0}

22n+1
slem A nt 1) Re{1 - 5{*"}

extn —

41T

20

absn 81T

Energy conservation circle |S,Se’h)| =1

. (e) .o o(h)
Sr(le) — el25n Sr(lh) — elZSn

)

scat,n = “Yabsn T 81T
Unitary limit, S¢™ = -1
O-(e'h) _ (e,h) _ /12(27?, + 1)

extn — Yscatn — 2T

‘Invisible’, S¢™ =1

(e,h) (e,h)

_ _ (eh) _
extn — O-scat,n =0 =0

0 absn

22n+1 2
olem — ( )<1 — |S,$e"‘)| )



Simplicity of analytic structure
( Weierstrass factorization )
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Ideal absorption — ‘Coherent perfect absorption’ S(e h) _
Ultimate absorption ?

0
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|IA can be found by solving a complex transcendental equation
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V.Grigorieyv, et al ACS Photonics 10.1021/ph500456w ACS Photonics (2015)
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|deal absorption is possible for both electric and magnetic ==
modes in high index materials :
Re{s_g?_}
20
15

Electric dipole IA modes
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|A In homogeneous particles and realistic materials ?
Yes, but only for certain sizes and frequencies

|A electric dipole - exact calculation

|A — electric dipole point-like approximation

Silver —

Gold -

Experimental dispersion curves : Johnson & Christy

Polymer background : N,=1.5
Im £

i =
]




ldeal absorption can occur in subwavelength particles
( Using realistic materials like gold and silver)

iIn a N,=1.5 background medium

Absorption cross section o, Scattering cross section g,

Silver : 0

Silver : Tyear

Dys = 30.6nm
kR, = 0.35

Aos. = 413nm

o5 =—5.1+1i0.22
406 500 600 700 800 406 500 600 700 800
Gold : o s Gold : Ty
1.2 T -
1N ke COELEEEES 2. CEECRECEEEEEEEEEES
o 0.8l Dys. = 76.2nm
‘g 0.6¢ kR, s = 0.64
04
Aos. = 560nm
0.2
00:\ : . B
400 500 600 700 800 400 500 600 700 800 £os. = —6.6+11.9
. . . . A,(nm) . A,(nm)
Electric dipole contribution to cross section

Cross section




Silicon particles should also exhibit Ideal absorption

. . kR | A (nm) | R (nm) £5i
Magnetlc d|p0|e IA mOdeS ? 0.672 | 464.5 50 20.57 4 i1.06
U - 7 T =645 nmi
5 ) h (kR) ﬁwﬁ )(kR) —¢n, (ksR) 3 . ' ~d
n = - " _‘3; 3 =[Q 1255l
. (kR) L2 o (KR) = n (KsR)
= | :
Re(e) 03 04 05 ) 08 07 08
kR | A(nm) | R (nm) £gj
. . 0.886 | 436.9 61.6 | 2334017
Electric dipole IA modes
1 1=4369nm!
KO UeR) Z 0O RR) =g (66R) % | o
Sy (kR) = —— () = - - S 3 = 12"l
B (kR) 5 SP (R) —p (ksR) e
e i
20 -10 0 R:EE) 20 30 40 0.3 04 0.5 - 0.6 0.7 0.8
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Electric near-field enhancements
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Conclusions

Multipole theory helps understand sub-wavelength dielectric antennas

The S matrix is well adapted to studying fundamental limits of light-matter
Interactions like ideal absorption, unitarity, invisibility , and lasing.

Limit behaviors can occur in either electric and magnetic modes of particles.

Ideal Absorption with realistic materials at arbitrary frequencies will often
require coated particle designs in order to introduce additional parameters.

http://www.fresnel.fr/perso/stout



K-Matrix ( Reaction matrix )
adapted to studying energy conservation
The K—matrix relates the regular part of the total field to its diverging part

Etot(k?) = Eexc (k?) + Escat(k?)

=S5 {[ T M (K7 + T NS ()| + [ ] M () + i Ny, () |

r — — -
T=-iK.(T+1) T-1=iKk1-1
d=K.r =
E=iS-0).(1+5)"  §5=(1-iK).0+iK)"
|\ ~ J
Caley Transform
K,,(le) = —tanS,(,Le) ,

K,(lh) = —tanS;h)



K-Matrix is Hermitian for a lossless scatterer
( adapted to studying energy conservation and limit behaviors)

KT =K : Energy conservation
. tm Unitary limit
|deal emission — pln o
‘ ) (e,h) . n —
laser’, K,, "~ — i \
A 4
Energy conservation line Im{K,ge’h)} =0
\ ® Re K,,(Le) = —tans'®
K,,(Lh) = —tan6,(1h)
‘Invisible’, K™ = 0
/ T
Ideal absorption, K™ — —;

" Colom et al Phys. Rev B (2016)



Simplicity of analytic structure
( Weierstrass factorization )

— X50) (X + X50)

Sn A 2iB =A 2iB = kR
(x) = Aexp(—2i x)l_[ Xpa exp(—2i x)l_[ xp’a) (x+x;’a) X
Im{kR}
o o
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0.2 ()
0.4} Kle
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4|
7L O_l(e)
o TR2 21
i 6 SN
| (kR)? Y7 WW\W |
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K-Matrix ( Reaction matrix )
Gives access to all limit behaviors of light-matter interactions

Spherically symmetric particles :

KM 00 = seM=Em=q . Unitary limit |
> lossless
ke =0 = sMsq 150 — Invisible
)
"
K(eh) =1 = S,(f’h)—>00, T,ge’h)—mo ——— Emission - lasing gain

Kée,h) - = Sr(le'h)_’ 0 Tée'h)—> —% ——> Ideal absorption loss
)



Other formulations of physical limits

Text = kKIm{a(w)} t P =€ogpa(w)Eey
k*la(w)|?
Ogcat — o

a(w) = 67TT1(6)/ik3

| o 32 k3|a|2
Unitary limit:  Text = 5 Unitarity :  Im{a} =
61
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O' S — o
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Electric near-field enhancements
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Translation-addition theorem
(scalar wave case)

Scalar wave translation-addition matrices

q=n+v

&, o (KB )=470" ™" D" 0193Y (nym,v, 11;0) b, (ky) Yy ey (6. )
q=/n-
g=n+v
ﬂv,,u;n,m (kFO) = Rg {av,y;n,m (kFO )}:47Z-iv_m |Z ||q3Y (n1 m’V’ ,Ll, q) jq (kro )Yq,m—y (00’¢0)
g=(n-v

Looks horrible but relatively easy to derive in k-space !

3Y (v, 0. m;q) = [“sin6do[ " dgY, . (6.0)Y., (6.0)V; ., (6.¢)

.y (2n+1)(2v+1)[2q+1]T2(n v q](n voog j

A 0 0 O)\-m u u—m
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Translation-addition theorem

(vector wave case)

v(v+1)n(n+1)

¥ (kF) ="' (ki').J (KT, ) r'>r,

¥ (ki) =Rg {¥' (ki")}.H (KF,) r<r,
Rg [ (KF)} =R { ¥ (ki")}.J (KF,) VR
AVy,nm Bvy,nm A :% -

|:2:umav,y;n,m

|

m)(n+m+1 \/(v —p)(v+u +1)0‘v,ﬂ+1;n,m+1

#(n+

e B =7

m)(n—m+1 \/(v+u)(

2v+1

2 2V — IV‘V+Qn n+1

+ 1)av,y—1;n,m—lj|

2m\/(v — ,U)(V + /J)av—l,y;n,m

#(n-

n+m+1 \/(v u)(v+

) ~1, p+1;n,m+1

i

m)(n
m)(

n-m+1 \/(v+,u)(

) 1y—1;n,m—1:|
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Possible values of the Mie coefficients
limited by the underlying physics !

Mie Coefficients
a,(w) and b, (w)

Im{a} Energy conservation circle
i RE{an} — |an|2
Re{bn} — |bn|2

§12(6 = 0) = = Z(Zn + Dla, + by]

z 2n+ 1)[a, —

Nlr—x

516 =m) = =5,(6 =n) =

1

Re{a}

‘Invisible mode’ a,, = 0
orb,=0 Unitary ‘limit' : a, =1,b,=1
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Analogue Antennas in the micro-wave regime (low index : N = 2)
Nature - Scientific Reports, 3 3063 (2013)

Multimode interference in a dielectric sphere can yield directive emissions

1.(6,0) = I, [( IEOMONMOM ()) 050

12y DO cos2g 4y @yl (e)]



Analogue Antennas in the micro-wave regime (low index : N = 2)

Nature - Scientific Reports, 3 3063 (2013)

Measured emission and theory

%CCRM

(a)

9,4 GHz

—— magnetic dipole
= glectric dipole
magnetic quadrupole
electric quadrupole

=
=

Lod
[
L

Mie coefficient modulus

e
=)

78 9 1o
Frequency (GHz)



Changing antenna directivity with displacement

0.8

0.7k

0.6

d /A

0.5k

0.4}

Benedicto; Bonod, Stout “Optimization of dielectric Antenna directivity” : in preparation




Suppressing forward scattering with high index dielectric antennas

Isolated resonances
Simpler interferences
Fully suppressed forward emissions

— Electric dipole

— Magnetic dipole

— Electric quadrupole
Magnetic quadrupole

Mie coefficient modulus

— IV
Frequency (GHz)

(a) Actual emission
(b) Electric dipole suppressed



Modifying quantum decay rates with nano-antennas

Quasi-analytic multipole formalism :
(radiative and non-radiative decay rates)

N
L (P o
- 1+ Re | k 2 £t HON TGD OO £
FO (Pe,0> Re{kb} b =
L. (P u
t_ ) hen Y [r60.HGO) f]T 0 760 o g
fo (Pro) jLkl=1

N
+12nRe{ []<k10>f]T.T<k'D.H(f'(’). f}
,l=1

J
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K-Matrix ( Reaction matrix )

The K—matrix relates the regular part of the total field to its diverging part

Etot(k?) = Eexc (k?) + Escat(k?)
=S5 {[ T M (K7 + T NS ()| + [ ] M () + i Ny, () |

Q
i
=
4

— { T=-iR (T+7) Tt = kT

jUeR) S on(kR) = 9n (k. R)
Yn(kR) g—; 07 (kR) =@y (k.R)

Ky =

K,(le) = —tanS,(f) ,
K,,(Lh) = —tan6,(1h)

&



Reaction matrix is Hermitian for lossless scatterers H @

&

1= Rt

85
Unitary limit === K, — oo === P (kR) —p, (k) =0

K-matrix is useful for deriving approximate non-transcendental approximations — to appear !

Rigorous formulation of “radiative corrections” — other “optical theorem”

(e) ;: 1= -1 —'k—3 ) 67TK(8)
a(w) — 67'[T1 /|k3 a = =0nyr. l67T Onr. = 31



Perspectives

- Use multipole methods to determine quasi-normal modes of systems
- Quasi-normal modes should help optimize the performance of photonic systems.

- Quasi-normal modes should help formulating theories of strong coupling
between a quantum emitter and its nano-photonic environment.



Vector “partial” waves

Maxwell equation :

—

VXVXE—K?E=0

8 (X) XJ, (X)
Electric and Magnetic types : )= 1, () + 7 (%) ]

l\_/f(l)n,m (k?) = Jn (kT‘))_in,m (6, ¢)

NO i ()= [ (k) + 1)V (6, )
+y, (kr)z)n,m @, (P)]



Solutions to Maxwell’s propagation equations in spherical coordinates

VxVxE—k?*E=0

Transverse vector “partial” waves : V-M, . =V-N, =0

n,m

— . I x|r kr magnetic modes
Mn,m (kr) — [ (pn,m( )] g
\/n(n + 1)
_, VxM,. (ki .
Ny (k7)) = ’l:m( ) electric modes
Ap+kip=0

Pnm (kr) = Jjn(kT) Yn,m(g: ®)




M®,, o (kF) = ji, (k1) X 1 (6, )

N)(l)n,m(k?):k_t []n (kr){n(n + 1)?n,m(9: ¢)
1, (k) Ly m (6, )]

Spherical Bessel functions (1)

Linearly independent solutions v-M=0 v-N=0

Yn(kr) = [xjn (O]

)= Y e _sinx
JO(X)_Z;‘(ZSH)!X X
) SinX COSX
_1<X): W2

J1 )

0.3F
0.2F

014

04f

\x

_pot

XOAN /2]
WA e

M@, (k7) = v, (k1) Xy (6, $)

N® o ()= [, Ve )y G + DY, (6, 6)
410007 2 (6, $)]

Xn(x) =[xy, (O

Spherical Neumann functions (2)

COS X
0 (X) =~

X




Outgoing and incoming
boundary conditions

l\—/[>(+)n,m (k) = hg) (kr))_()n,m 0, ¢)

N,y (k)= [ 157 (er) s + 1)V m (6, )

+6, 7 () Ly (6, ¢>)]

RSP () = i (x) + iyn (%)

00 = [hP 0]

Outgoing spherical Hankel functions (+)

[ .
h(()ﬂ(x) = —;elx

(1
hgﬂ (x) = —e"™ <; + F)

O k) = () Xy m (6, $)

O (k)= 11 (k) + 1DV (6, )
0 k) (6, 9)]

S () = jin (%) = iy ()

e = 1P|

Incoming spherical Hankel functions (-)

_ i .
h(() )(x) =;e"”‘

_ (1
hg () = —e™™ (; - F)



K-Matrix ( Reaction matrix )
adapted to studying energy conservation
The K—matrix relates the regular part of the total field to its diverging part

Etot(k?) = Eexc (k?) + Escat(k?)

=S5 {[ T M (K7 + T NS ()| + [ ] M () + i Ny, () |

¢

T=-iK.(T+17) T1=iK'-1
d=K.r =
R=iS -0+ §5=0-/®).0+K)"
\
Caley Transform

Kr(le) = —tan8,(f) ,
K,gh) = —tanS,(,Lh)



Sp(x) = Aexp(— Zle)l_[

Im{kR}

Simplicity of analytic structure
( Weierstrass factorization )

— X50) (X + X50)

-3 @ 20

= N w [ ;] o ~J
T T T T T T T

= Aex 2iBx x = kR
xp a P ) 1_[ xp.a)(x + x;,a)
RO (kR) = 08 (kR) @ (ksR)
s(e)(kR)z_”( ) e ¥n no
" AP (kR) = {7 (kR) =gy, (s R)
o
——+— Re{kR}
ng)
al
”©
TR?2 1
6 \_
e N S O | WO LNy ~
(kR)Z —W -2 )r W\W\W 3
Ll
2 3 KR o 72




Ideal absorption given by the solution of a transcendental equation
solving for of &5 /¢ as a function of kR

Ideal absorption

=) |- 0kR) = gV (kR)

[xn” 0]

— & —
o _hORR TR — @1leR)
1 < =
A (R) = P (KR) — 1 (KsR)

_m@l o

R ()

Re {gg‘?}
20,
15+
10+




Determining the Unitary limit condition

S(eih) — _1 t(e'h) — _1 K(erh)

n ! n ! n — 0
Sr(l )(kR) _ _h%_)(kR) Pn )(kR) —®n (k R) t( y_ ]n(kR) QDn(kR) —n (k R)
Ry (kR) = 7 (KR) =@y, (ksR) " R R) S 9 (kR) —@y (ksR)

(e) jn(kR) @, (kR) — ¢, (ksR)
K =
" Yn(kR) == 82 (kR) — @, (ksR)

The unitary limit can be found by solving a transcendental equation

0P (kR) =y, (,R) = 0
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Light interactions with a particle much smaller than the wavelength
mmm) clectric dipole description (polarizability)

) l_i — Eoeba(a))Eexc
E¢ — &
b lim a(w) = 47R3 — = a,
w-—0 28 + SS

oext = kIm{a(w)}

Ogcat — \
61T
k3|a|?
Im{a} = o]

o611



‘Point-like’ models — single resonant model k=2.& @

P =gca(w)E,, o = lim o (@) = 47R° >—

. A(w) - xo
Radiative correction model : lima(w) = 3 = 3
w-—0 . k . k
1-i—A(w) 1-iz—a,
61T 61T

_/

: L Y - Qo
Green function point-like model : g_%a(w) = 1 N
6m R ‘0 ter %o
I () = 24y
Mie point-like model : wo0 = 1_3 (55 — Ze) k2 ik—ga
20m\e,—e ) R 7% “6m 0
\—
Y
k3
alt=a;l —i—



Fundamental limits (Dipole scattering)

(e) 67T Oext = kim{a(w)}
(X((U) =1 il3 k4|a(w)|2
Oscat —
61T

Unitary limit (lossless scattering)
0y 1=6mi/k® === oext = Ogcat ~A°/2

|deal absorption — Optical sink

i A— 37Tl/k3 ‘ O-abs — Gscat""/’{z/8



K-Matrix ( Reaction matrix )
Gives access to all limit behaviors of light-matter interactions

Spherically symmetric particles :

KM 00 = seM=Em=q . Unitary limit |
> lossless
ke =0 = sMsq 150 — Invisible
)
"
K(eh) =1 = S,(f’h)—>00, T,ge’h)—mo ——— Emission - lasing gain

Kée,h) - = Sr(le'h)_’ 0 Tée'h)—> —% ——> Ideal absorption loss
)



Mie theory H
Highlights the symmetry of the different matrices g

JukR) - 9a(kR) =gy (ksR) Ry #n(kR) = (ksR)

(e) ()
T. = T =
T KR ofP (KR) — gy (gR) T PR o (kR) — g (k)
& (- Hs (=)
S(e) _ h;_)(kR)?s(p;L )(kR) —Pn (ksR) S( )y h;_) (kR)ES<pn (kR) —®n (ksR)
T RGBT 0P UR) —n (keR) T KR D (kR) ~n (keR)
€ Hs _
KO = Jn(kR) — @n(kR) — ¢n(ksR) KO — n(kR) ; Pn(kR) = pn(ksR)

Yn(kR) == o (kR) =y, (ksR) In(kR)E i (kR) ~ @ (KsR)



K-Matrix is Hermitian for a lossless scatterer
( adapted to studying energy conservation and limit behaviors)

KT =K : Energy conservation
. tm Unitary limit
|deal emission — _(eh) ——
‘ . (eh) . K, — fo
laser’, K - i \
» in
2 3
Energy conservation line Im{K,ge’h)} =0
\ - Re k' = —tans!®,
K,,(Lh) = —tanS%h)
‘Invisible’, K™ = 0
/ T
Ideal absorption, K™ — —i




Welerstrass factorization
(useful for solving transcendental equations)

Electric Ideal absorption Magnetic Ideal absorption
“pa(kR) = oS (KR) )
£ Pn\iis = @n (Pn(ksR) = Pn (kR)
Electric mode unitary limit Magnetic mode unitary limit
3
~ o2 (eR) = 9 (ksR) o (kR) = @ (k.R)
[2j, ()]’ o[ 227 hO o)’
7) = - =2 + 2 (=) _ 1
®n(2) ]n(Z) 72 _ arzz,a @, (%) hg—)(x)



Vector spherical harmonics

2n+1(n—m)!

Scalar spherical harmonics : Ynm(e,¢){

3 types of vector spherical harmonics :

4 (n+m)!

WP (cos0)

Win(8,0) = ¥y, (60, $) = 7,1, (6, §) n=0,...00
W,00,6) = Km0, ) = Zum(6,6) X 7 P
W)gls,)r)n(gi ¢) = Z)n,m(gf ¢) — T'Vyn,m = ?' X X)n,m (0’ ¢)

Jnmn+1)

41T
j d() Wg;n 6, 9) - W(k) m(0,®) =6 k6nv0mu
0




|A In homogeneous particles and realistic materials ?
Yes, but only for certain sizes and frequencies

|A electric dipole - exact calculation

|A — electric dipole point-like approximation

Silver —

Gold -

Experimental dispersion curves : Johnson & Christy

Polymer background : N,=1.5
Im £

i =
]




Point-like models and their extensions can yield
analytic formulas for approximating the IA conditions

2 3 - .
Point-like model - @™t = agt —=— — i< &R 1A condition: «, = 3mi/k3

2+ 2 (kR)2(1 — ikR)

1 —%(kR)Z(l _ ikR)




S-matrix symmetrizes the limit behaviors

Ideal absorption, 5™ =0

Energy conservation circle |S,(f’h)| =1

|deal emission, ‘laser’,
h
|Sr(le )| - 0

\

)

., o(e) . o(h)
Sr(le) — elZSn Sgl) — elZ5n

Unitary ‘limit, S = -1

‘Invisible’, S¢™ =1



00

|ldeal Absorption (optimizes ?) near field enhancements

— 2
|E|| Log scale

A

Cabs = Cscat ~A%/8

Sub-wavelength |A particles
produce large field enhancements



