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Quantized vortices & quantum turbulence

Quantum turbulence : tangled state of guantized vortices

These waves h{:lve never
been directly visualized

Lathrop group from Youtube

Motivation of this work : Can we find some universality class
of turbulence in quantum turbulence?
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Gross-Piteavskii equation : model equation for

sueerfluid sxstem
H= [ @ { g iver+ Laup - 52

d>x
L OH h?
i = 57 = { =V a(eP = p) b

p = |Y|* : superfluid density
v = kV(arg[y]) : supefluid velocity (k = h/M)
Quantum hydrodynamic equation

e (%) oo () e ()
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Vortex & turbulence

p = |¥|? : superfluid density
v = &KV (arg[y]) : supefluid velocity (rk = h/M)

2D : topological
point defect

Ul

3D : vortex line turbulence

K

quantized circulation

m:j[v-dl:h/M

BN T |
T

7 Arg[y]
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How to generate turbulence in GP equation

(ih —)(Of — Vext - V) = { d

=

792 4 gl - m} "

< energy injection inertial range energy dissipation
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5 Vext . €xternal current
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& (Galillean transformation)
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v : Iinteraction between moving

condensate and static thermal gas
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Origin of energy dissipation

E. Zaremba, T. Nikuni, and A. Griffin, JLTP 116, 277 (1999)

thermal gas : Boltzmann equation

O \ PV ) wn. Vpf = Cia(f) + Coz(f)

o m
condensate : GP equation

., O h? 5
08 = (- gy + ath? +20) KT}

exchange between thermal gas and condensate

l Assumption : random and Markov process

9, h?
(ih — 7)8_1? = {_Wv2 + g(|v]? — ,5)} Y+ \/~vksT€  Stochastic GP Eq.
Shifts from Gaussian noise £ can be renormalized to ~ (CLT)
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Fully developed quantum turbulence

2TN - x

Large scale random current : (Vext)g.y,z = 0 E —7
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(ih = 7)(0 = Vext - V)¢ Kinetic energy and its spectrum
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Fully developed quantum turbulence

E(k)/(gps/M)
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@ Kolmogorov's power law is widely universal over classical and

guantum turbulence.

@ Quantum nature of vortices is hidden in the inertial range (k < 1/1).

We here consider quantum turbulence in which quantum nature of

guantized vortices appears.
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Turbulence with weak energy injection

strength of turbulence (Reynolds number if classical fluid)

@ >
static laminar flow turbulence with fully developed
without vortices vortices turbulence (K41)

Laminar-turbulent transition (nonequilibrium critical state)
(X) Whether vortices can be nucleated under the flow?
(O) Whether vortices can survive under the flow?

pipe-flow simulation : V' = 512¢ x 64¢ x 64& with periodic BC
Vext = (Vz,0,0) ~+=0.1h

(=)0 — v V) = { - g0 = ) b6
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Pipe flow turbulence simulation

Vext = (0,0,v9) vg =0.85¢s ¢s = +/gp/M : sound velocity

integration of vortex density in y-z plane
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Pipe flow turbulence simulation

Voxt = (0,0,v9) v =0.8¢cs ¢s = +/gp/M : sound velocity

integration of vortex density in y-z plane
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Pipe flow turbulence simulation

Voxt = (0,0,v9) vg =0.75¢s ¢s = +/gp/M : sound velocity

integration of vortex density in y-z plane ® Turbulent domains are

localized.

® A domain sometimes
splits into two domains,
or i1s annihilated in a
stochastic manner.

® An annihilated domain
never returns to
turbulent domain (finite

0 100 200 300 400 500 energy gap).

xr
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Order parameter of turbulence

Order parameter of turbulence : vortex density p__ ...

0-2 T T T T T T T 1 F
0.15

0.1
i i
Q§ 0.1 é,

0.01 |

0.05 F i

o (vg — 0.74¢,)08
0 | I | 4 | | ! | 0001 . R . ] . R
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 0.001 0.01 0.1 1
vo/cCs (vo — 0.74¢y)/ cs

Transition looks like second ordered thermodynamic transition
In equilibrium (critical exponent : 5 = 0.81)
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Directed percolation

B = 0.81 : 1+3D directed percolation universality class

Directed percolation : percolation is directed in 1 dimension

2D isotropic bond percolation 1+1D directed bond percolation
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Directed percolation & quantum turbulence

position i_ Directed dimension is set to time
xR LA BT 5, 3 BT
B o
é v p<p.:
g Percolation in time is
' stopped
&
vy < Vg .
When turbulent region
IS annihilated, it never
go back to turbulence
P < Pec

p . percolation probability
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Directed percolation & quantum turbulence

\ - -
~" W_‘

Vortex is a topological defect with a finite energy gap and is never
nucleated after annihilation (at least for vy < ¢y)

— Nature of directed percolation universality for the laminar-turbulent
transition

We are now checking other critical exponents (especially ngme & nspace)

M. Takahashi, M. Kobayashi, and K. Takeuchi, will be appeared in arXiv
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Universality of fully developed turbulence

o Aenergy injection  inertial range energy dissipation
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o E(k) x e’k Conservation & cascade
v of physical quantity

—
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Conserving quantity in hydrodynamic equation

1

E = 5 /dw v? = [L*T7? = E(k) x 52E/3k_5/3 . energy (2D, 3D)
1

Q= 5 /dw (Vxv)?=[T"? = E(k) x 6?2/316_3 . enstrophy (2D)

H= /da: v (V xv)=[LT"% = E(k) x £2/°k~"/3 . helicity (3D)

TE ™%
[ 2 2% Energy spectrum with the
La helicity cascade : E(k) oc k—7/3
g 1T has never been observed in
el 3D classical turbulence
ey -
. — Helicity and its cascade
: ; seem not to be so important in
1g7P

1 - - 3 —«+ turbulence. Why?
G. Boffetta and A. Celani, 2005 k
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Helicity in quantum fluid

In quantum fluid, helicity consists of two parts.
H = /dm U - (v X ’U) — Htwist + erithe
¢

¢ = Arg[y)]

p+Ap &Y

K2 A
Hiwist = % /dS 6||¢(:B — mVortex(s) + E) — R22—f
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Helicity in quantum fluid

e I ... Is quantized by «2 for closed loops

e Aloop should be linked or knotted to have a finite H,
(H,,;s COrresponds to linking number of vortices)

® \/ortex reconnection can cause the change of the helicity

-
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Helicity in quantum fluid

e I ... Is quantized by «2 for closed loops

e A loop should be linked or knotted to have a finite H,

(H, st COrresponds to linking number of vortices)
@ \/ortex reconnection can cause the change of the heI|C|ty
, 18 3
s | H, st Can changes discretely |
through reconnection
L
i
0.5

0

0 100 200 300 400 500 600 700 800
t
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Helicity in quantum fluid

e I ... IS the other contribution of the helicity (spiral Kelvin waves)

e I ... IS not the topological quantity (Thank you very much for
Prof. M. E. Brachet).

@ \ortex reconnection transfer from HtWist to erithe
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Helicity in quantum fluid

e I ... IS the other contribution of the helicity (spiral Kelvin waves)

® I ... IS not the topological quantity and is easily dissipated

(Thank you very much for Prof. M. E. Brachet).

e \ortex reconnection transfer from H, to H_

wist rithe

AN
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Can we suppress vortex reconnection?

Key idea : non-Abelian vortex in spinor condensate
spin-S spinor wave function : 1 = (w_g R R wS)T

H = /d3 [ > V|

m=—S

+= ZgL Z Z Gt (O ) A W Py Vs

u=—Lmq,--- my=—=S

® Symmetry of the Hamiltonian : U(1) x SO(3)

® Classification of topological charges of vortex : discrete subgroup of
U(1) x SO(3)
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Possible discrete subgroup of SO(3)

L. Michel, Rev. Mod. Phys. 52, 617 (1980)

S| Cy | C3|Cs|Cs| Dy | Dy | D3| Dy | Ds| T | O Y
1 X | x | x| x| O O] x X X || X | x| X
21 Ol O | x| x| 0O]10O | 0O x X || O] x | X
3 Ol x| x| x| O]O1O]|0O | x| x|10O]| x
4101010101010 10O 10O 1O x| x]|X
51O 10O x| x]O]O]OT0O0 10101010
Abelian (or solvable) Non-Abelian
Atomic species for ultracold BEC  8/Rb, #Na, 'Li,*K | ¢ — 1. 9
in an nonmagnetic optical trap ’
“Rb S=2 3
133CS 52374
52Cr S:S
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Spin-2 condensate

p=(Yoy W1 Yo U1 )

hQ 2 C C C
I 2 DO 524 gz, 2q2
H/dw{QMmZQIV%IJrQ(p PP+ lAP+ oS
2 2 2 .
p= 3 it A= Y (b S= Y St
m=—2 m=—2 m,n=—2

_ 4g2 + 394 _ 790 — 10g2 + 394 _ 94— g2
7 35 7

With ¢y 1 2 > 0, non-Abelian tetrahedral symmetry for topological
charges of vortices becomes possible

Co C1 C9o

ground state : ¢ = g (z 0 v2 0 i)T
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Tetrahedral symmetry

12 spin rotations correspond to topological charges of
vortices
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Gross-Pitaevskii Equation

: OH
GP equation : 1Ay, =
oy,
. h2
iM)1o = —mv2¢i2 +co(p — P)bxa + c1(Sxtp+1 £ 25,912) + 2 AT,
. . hQ 2 — \/6 *
i1y = —mv Y11+ co(p — p)Y+1 + 1 TS:F% + Stthro + 5.4 | — c2AYT,
) h2 6
ihg = —mv% + co(p — p)bo + gcl(s—%b—l + S191) + c2 Ay

PG 0 v2 0 )

ground state : ¢ =

S
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Collision dynamics of non-Abelian vortices

GP equation : if),, = ng

Topological configuration of vortices are kept

(as a spin helicity) through the collision due to
the formation of a new “rung” vortex

! 1

Helicity conservation is topologically protected
through the collision

J
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Topological stability of non-Abelian vortex knot

Abelian trefoll Non-Abelian trefoll

Knot is unstable Knot is stable
C. F. Barenghi, Milan J. Math 75, 177 (2007)
3 ' ' | | ' | | @ Abelian trefoil breaks two rings
_y | andloses H, .,
E i non-Abelian I ) ] _
! Abelian @® Non-Abelian trefoil keeps its
0 topological structure and H,

| | | | | 1 | WiSt
0 100 200 300 400 500 600 700 800

t/(gop/M)
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Non-Abelian quantum turbulence

. OH _ 2T - x
(Zh — 7)(815 — Uext - VWm — % Vg,y,z — U 0<;<2 COS T + e(n)x,y,z

Abelian turbulence Non-Abelian turbulence

Vortices are globally dynamic Vortices are locally dynamic
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Non-Abelian quantum turbulence

) .
(ih — v)(0f — Vext * V)Um i Vgyz = U Z COS Zmn -z +0(1n)z.y.2

0<|n|<2

T o I3

Almost all
vortices are
connected
through rung
vortices
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Quantum turbulence comprised of non-Abelian
vortices

It apparently deviates from -5/3
power law (energy resides in
large-scale network structures

of vortices)

Slope is -7/3 : consistent with
the universality with the helicity
cascade in turbulence

E(k)/(gp§/M)

1072 101 10° 10!
2k /€

M. Kobayashi and M. Ueda, arXiv:1606.07190
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Summary

We have observed two new universality class in guantum turbulence.

0.2

0.15

0.05

(1) : Directed percolation universality class at
laminar-turbulent transition

0.2

0.4

0.6

0.8 1 152 el oolvl e €6

UO/CS

Turbulent domain is never relived
after its annihilation due to the finite
energy gap of quantized vortex

(Sad news) : DP universality has
been observed in classical fluid
- not specific to quantum fluid
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Summary

We have observed two new universality class in guantum turbulence.

(2) : Topologically protected helicity cascade
In non-Abelian quantum turbulence

By topologically suppressing vortex
reconnections, we obtain new universality

class E(k) o k —7/3 characterized by the

helicity cascade in fully developed
turbulence.
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~ Thank you very much for your attention
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Algebra

base point

A ABA!

Topological charge of vortex can be fixed by a closed path
encircling the vortex
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Collision of Vortex

ABA*!

Rung BAIs formed through the collision.
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Collision of Vortex

ABA*!

Rung BAIs formed through the collision.
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Collision of Vortex

ABA*!

Rung BAIs formed through the collision.
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Linked Vortex Rings

AB = BA

Linked vortex rings with
hon-commutative
charges never unravel. ~
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Spin-2 Spinor BEC

5 - component BEC : v = (2., ¥, ¥y, ¥_,, )T

S = 2%Rb BEC and its
spin dynamics is observed

H. Schmaljohann et al. PRL 92, 040402 (2004)
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Vortex free - turbulent transition

Observation of vortices by vibrating wire in *He
Yano, 2007

— | | |
~ 500 e
E' S < down
Bt ]
N |

-‘E)'

@ B
3.

@

> —P —

Energy from vortex free to turbulence > Energy keeping turbulence
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Gross-Piteavskii equation with dissipation

(=209 ={ =53V + 91V = ) o

p = ||* : superfluid density
v = KV (arg[y]) : supefluid velocity (k = h/M)

p (v + VTUQ) = -V (%) + k*pV (Zﬁ) - ;—]\ZV {%V : (,0'0)}
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