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1. Introduction

Consider a rooted discrete random tree 7, and a ball in 7 centered at the root.
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The harmonic measure of the ball is the distribution of the exit point from the ball

for SRW started at the root.
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Introduction

1. Introduction

Continuous analog in RY :
the harmonic measure on the boundary of a domain in R? is the exit distribution
of Brownian motion started inside the domain.
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1. Introduction

Continuous analog in RY :
the harmonic measure on the boundary of a domain in R? is the exit distribution
of Brownian motion started inside the domain.

In dimension 2, recall Makarov's theorem :

The harmonic measure on the boundary of a simply connected planar domain is
always supported on a subset of Hausdorff dimension 1, regardless of the
dimension of the boundary (which may be strictly larger than 1).
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1. Introduction

Continuous analog in RY :
the harmonic measure on the boundary of a domain in R? is the exit distribution
of Brownian motion started inside the domain.

In dimension 2, recall Makarov's theorem :

The harmonic measure on the boundary of a simply connected planar domain is
always supported on a subset of Hausdorff dimension 1, regardless of the
dimension of the boundary (which may be strictly larger than 1).

X

Motivated by a question of T. Jonsson, N. Curien and J.-F. Le Gall (2013) have
shown this “dimension drop” phenomenon in the context of discrete combinatorial
trees.
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[QITLLIEETGI  Galton—\Watson trees

Galton—Watson trees

Let 0 be a probability measure on {0,1,2,...} such that (1) < 1 and
o > kO(k)=1 (criticality),
k=0
e 0 is in the domain of attraction of a stable distribution of index a € (1,2], i.e.
Z@ +(1-r*L(1-r) Vrelo,1),
k>0

where the function L(x) is slowly varying as x — 0+.
(If 8 has finite variance, then this condition holds with oo = 2.)

The Galton—Watson tree with offspring distribution 6 (in short 6-GW tree) is the
genealogical tree of a population starting with one ancestor, where each individual
has k children with probability 8(k). This tree is finite a.s.

Let 7, be a -GW tree conditioned to have height at least n, and

Taln] := {vertices of T, at height n}.
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Conditional Galton—Watson trees 7,

T, = 0-Galton—Watson tree conditioned to have height at least n.

We know that #7,[n] ~ n=1.
(When 6 has finite variance,

1#’Tn[n] Exp(2/var 0)).

height 0

root
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e G
Conditional Galton—Watson trees 7,

T, = 0-Galton—Watson tree conditioned to have height at least n.

We know that #7,[n] ~ n=1.
(When 6 has finite variance,

LT ln] %’ Exp(2/var 6)).

tin = distribution of the first
hitting point of 7,[n] by SRW
on 7, started from the root.

height 0

root
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Introduction Harmonic measure

Harmonic measure [,

Were the harmonic measure uniformly spread over the boundary of the ball of
1
radius n, one would expect p,(v) = n~ =1 for v € T,[n].
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Introduction Harmonic measure

Harmonic measure [,
Were the harmonic measure uniformly spread over the boundary of the ball of
radius n, one would expect pn(v) = n~T forv e Taln].

Theorem (A)

There exists a constant 3, € (0, ﬁ) which only depends on «, such that, for
every € > 0,

tn({v € Ty[n]: nBame < pn(v) <n ﬂa-&-s}) (P) 1

—>oo

Moreover, 3, remains bounded when o | 1.
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Introduction Harmonic measure

Harmonic measure [,

Were the harmonic measure uniformly spread over the boundary of the ball of
1
radius n, one would expect p,(v) = n~ =1 for v € T,[n].

Theorem (A)

There exists a constant 3, € (0, ﬁ) which only depends on «, such that, for
every € > 0,

wn({v € Taln]: n~Pame <y, (v)<n B”J”s}) (P) 1.

—>oo

Moreover, 3, remains bounded when o | 1.

Consequences:
@ For any ¢ > 0, there exists with probability — 1 a subset A C T,[n] s.t.

#A < pPote and wn(A) >1-4.

@ Conversely,
(P)
sup  pa(A) —
A: #A<nBa—¢ n—0o0
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Introduction Harmonic measure

Harmonic measure [,

Theorem (A)

There exists a constant 3, € (0, al—l)' which only depends on «, such that, for
every e > 0,

Hn({V S 77,[[1]; n7/3c1*5 < Nn(V) < nfﬂaJrg}) Q 1

n—oo

Moreover, 3, remains bounded when o | 1.

Remarks:

@ The preceding theorem was first shown by N. Curien and J.-F. Le Gall (2013)
in the case where 6 has finite variance.

@ R. Lyons, R. Pemantle and Y. Peres (1995,1996): harmonic measure at
infinity for supercritical GW trees.
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Typical behavior of the harmonic measure
Typical behavior of the harmonic measure 1,

Let Q, be a random vertex uniformly chosen from 7,[n].
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Introduction Typical behavior of the harmonic measure

Typical behavior of the harmonic measure 1,

Let Q, be a random vertex uniformly chosen from 7,[n].
Theorem (B)

There exists a constant A\, > ﬁ which only depends on «, such that, for every
e>0,
P(n*)\a*f‘: < Nn(Qn) < nf)\u+s) 1

n— oo
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Introduction Typical behavior of the harmonic measure

Typical behavior of the harmonic measure 1,

Let Q, be a random vertex uniformly chosen from 7,[n].
Theorem (B)

There exists a constant A\, > ﬁ which only depends on «, such that, for every
e>0,

—Aa—¢ —Aate
P(n < un(Q,) <n ) njo 1.

Moreover, A is decreasing for all o € (1,2], and we have

0 <liminf(a — 1)A, < limsup(a — 1)\, < 0.
all all
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The reduced trees
2. The continuous setting

Key idea: consider reduced trees.

height n - - @ - @- @ -- 8 ----- - T, = GW tree conditioned to
have height at least n

height 0 ------ccmmme e e e oo
root
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Key idea: consider reduced trees.

height 1 - - @ - @- @ --8----- - T, = GW tree conditioned to
have height at least n

T = {vertices of T, having
descendants at height n}

The hitting distribution of 7T,[n]
is the same for SRW on 7,F as
for SRW on 7,,.

height 0 - -----mcmmme e e e e
root
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RIS Pl The reduced trees

2. The continuous setting

Key idea: consider reduced trees.

height n - - T, = GW tree conditioned to

have height at least n

T = {vertices of T, having
descendants at height n}

The hitting distribution of T,[n]
is the same for SRW on 7,F as
for SRW on 7,,.

Notation:
dgr graph distance on 7*

height 0 === --cceeeo o
root
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QLRGN TSl Convergence of reduced trees

Convergence of reduced trees

Asymptotics for reduced critical GW trees: Zubkov (1975), Fleischmann &
Siegmund-Schultze (1977), Vatutin (1977), Yakymiv (1980)

(T, tdy) n%o (A, d) in the Gromov—Hausdorff sense.

The compact R-tree (A(®),d) is called the reduced stable tree of index a.
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QLRGN TSl Convergence of reduced trees

Convergence of reduced trees

Asymptotics for reduced critical GW trees: Zubkov (1975), Fleischmann &
Siegmund-Schultze (1977), Vatutin (1977), Yakymiv (1980)
(T, 2dy) (@), (A(®) d) in the Gromov—Hausdorff sense.

n— o0

The compact R-tree (A(®),d) is called the reduced stable tree of index a.

The offspring number is distributed according
height 1 -r-r-------rmmm

i | | | l | [ gt to po, whose generating function is
NERE R
I 1—-nN*—1+ar
| ‘ | S pairt = Lm o drer
k>0
NB: p2 = d2 (only binary branching !).
height 0 _____L________________

root &
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QLRGN TSl Convergence of reduced trees

Convergence of reduced trees

Asymptotics for reduced critical GW trees: Zubkov (1975), Fleischmann &
Siegmund-Schultze (1977), Vatutin (1977), Yakymiv (1980)
d .
(T, 2dy) (@), (A(®) d) in the Gromov—Hausdorff sense.
n— o0

The compact R-tree (A(®),d) is called the reduced stable tree of index a.

The offspring number is distributed according
height 1 -r-r-------rmmm

||| | | | | | | | [ to pa, whose generating function is
URIELET T
o(k)r=+-—>—————.
Un | Usz ;p ( ) a—1
U [Use [ Uss . .
NB: p2 = d2 (only binary branching !).
U, U Ug uniform on [0, 1],
U1, Uz uniform on [0,1 — Ug],
U1, Us2 uniform on [0,1 — Uy — U4],
U Us1, Uaz, Uzz uniform on [0,1 — Uy — U-], etc.
%)
height 0 _____L________________
root &
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QLRGN TSl Convergence of reduced trees

Convergence of reduced trees

Asymptotics for reduced critical GW trees: Zubkov (1975), Fleischmann &
Siegmund-Schultze (1977), Vatutin (1977), Yakymiv (1980)

(T, 2dy) n% (A®),d) in the Gromov-Hausdorff sense.

The compact R-tree (A(®),d) is called the reduced stable tree of index a.
The offspring number is distributed according

height 1 l|||||||||lll' ””” to pa, whose generating function is
R e
o(K)rf=+—~——+——.
U]] | U|2 kz>;)p ( ) a—1
U [Use [ Uss . .
NB: p2 = d2 (only binary branching !).
U, U Ug uniform on [0, 1],
U1, Uz uniform on [0,1 — Ug],
U1, Us2 uniform on [0,1 — Uy — U4],
U Us1, Uaz, Uzz uniform on [0,1 — Uy — U-], etc.
%)
d is the natural tree metric.
height 0

””””””” oot T IA) = {x € Al d(2,x) =1}.
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The continuous setting Harmonic measure on 9A()

Harmonic measure on A

Let (B¢)t>0 be Brownian motion on A@ | started from the root, defined up to the
hitting time T := inf{t > 0: B, € 0A(®}.

@ B is reflected at the root of A(®):
@ inside a line segment, B moves around as a standard linear Brownian motion;

@ at each branching point, B picks one of the directions uniformly at random.
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@ B is reflected at the root of A(®):
@ inside a line segment, B moves around as a standard linear Brownian motion;
@ at each branching point, B picks one of the directions uniformly at random.
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The continuous setting Harmonic measure on 9A()

Harmonic measure on A

Let (B¢)t>0 be Brownian motion on A@ | started from the root, defined up to the
hitting time T := inf{t > 0: B, € 0A(®}.

@ B is reflected at the root of A(®):

@ inside a line segment, B moves around as a standard linear Brownian motion;

@ at each branching point, B picks one of the directions uniformly at random.
Let /1., be the law of Br_ (harmonic measure on OA(®),

Theorem (C)

For every o € (1,2], with the same constant (3, as in Theorem (A), we have
a.s. po(dx)-a.e.
i 108 a(Bal 1)
rl0 log r

= Ba-

In particular, the Hausdorff dimension of ., is a.s. equal to 3.
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The continuous setting Harmonic measure on 9A()

Harmonic measure on A

Let (B¢)t>0 be Brownian motion on A@ | started from the root, defined up to the
hitting time T := inf{t > 0: B, € 0A(®}.

@ B is reflected at the root of A(®):

@ inside a line segment, B moves around as a standard linear Brownian motion;

@ at each branching point, B picks one of the directions uniformly at random.
Let /1., be the law of Br_ (harmonic measure on OA(®),

Theorem (C)

For every o € (1,2], with the same constant (3, as in Theorem (A), we have
a.s. po(dx)-a.e.
i 108 a(Bal 1)
rl0 log r

= Ba-

In particular, the Hausdorff dimension of ., is a.s. equal to 3.

Note: dimdA(®) = ﬁ a.s. (dimension drop as in Makarov's theorem)
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QLG TTEES Pl Continuous-time Galton—\Watson tree

Continuous-time Galton—Watson tree

Applying to the precompact tree Aga) the height transform

V(r) = —log(1l—r), re0,1),

we get a continuous-time GW tree T(®) = genealogical tree of a population where
— independently of each other, every individual has a random lifetime Exp(1);
— every individual has k children with probability p, (k).

Exp(1)
Exp(1)

height 0 -------------- ol
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Continuous-time Galton—Watson tree

Applying to the precompact tree Aga) the height transform

V(r) = —log(1l—r), re0,1),

we get a continuous-time GW tree T(®) = genealogical tree of a population where
— independently of each other, every individual has a random lifetime Exp(1);
— every individual has k children with probability p, (k).

(@) | | | | |” I ‘ ‘ | | OT(*) = {infinite geodesics from the
‘ ‘ | root (geodesic rays)}.

Exp(1)

Exp(1)

height 0 -------------- ol
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Continuous-time Galton—Watson tree

Applying to the precompact tree Aga) the height transform

V(r) = —log(1l—r), re0,1),

we get a continuous-time GW tree T(®) = genealogical tree of a population where
— independently of each other, every individual has a random lifetime Exp(1);

— every individual has k children with probability p. (k).
W, € 0T

(@) | | | | |” I ‘ ‘ | | OT(*) = {infinite geodesics from the
‘ ‘ | root (geodesic rays)}.

. . v
| B Brownian motion on A(®) —

W BM on T(®) with drift 1/2 upwards.

We define W, the exit ray of W as the
unique ray visited by W at arbitrarily
Exp(1) large times.

Exp(1)
Exp(1)

height 0 -------------- ol
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Asymptotics for the law of the exit ray
Asymptotics for the law of the exit ray

Write
Vo = law of W, (probability measure on aT()).

Fact: v, = i, si we identify OT(®) and OA(®) via V.
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RIUENCCRELTTEECLFl  Asymptotics for the law of the exit ray

Asymptotics for the law of the exit ray

Write
Vo = law of W, (probability measure on aT()).

Fact: v, = i, si we identify OT(®) and OA(®) via V.
For y € AT and r > 0, let
B(y, r) = {geodesic rays that coincide with y up to height r}.

An equivalent form of Theorem (C) is

1
Ass. vo(dy)-ae.  lim =logra(B(y,r)) = —fBa-

r—oo
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Uniform measures on 0T and 9A©

Notation : T
For all u € T(®), H(u) = height of u. | |
Vr >0, T[r] = {uv e T: H(u) = r}. |
The martingale limit : ‘ ,,,,,,,,,,,,,,,,,,,,,,, @[]
W = lim e 7T #T)[r] > 0 as.
r— 00
| ! |
CIRM Random Trees and Maps 14 / 20
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Uniform measures on 0T and 9A(®

Notation : T
For all u € T(®), H(u) = height of u. | |
Vr >0, T[r] = {uv e T: H(u) = r}. |
The martingale limit : ‘ ,,,,,,,,,,,,,,,,,,,,,,, @[]
W = lim e 7T #T)[r] > 0 as. ‘ ’

r— 00
Let T{*) be the descendant tree of u. r
Also set W) .= |im e~ a1 #T)[r]. l \

r—oo
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Uniform measures on 0T and 9A(®

Notation : T
For all u € T(®), H(u) = height of u. | |
Vr >0, T[r] = {uv e T: H(u) = r}. ‘ |
The martingale limit - ‘ ,,,,,,,,,,,, u___. { ,,,,, T@]r]
W@ = lim e" 7T #T[] > 0 as. | ’

r— 00
Let T{*) be the descendant tree of u. r
Also set W) .= |im e~ a1 #T)[r]. l \

r—oo

The uniform measure @, on dT(®) is the unique probability measure on 9T()
s.t. for every u € T(®) and for every y € OT(®) passing through u,

(@)
- _Hw) Wy
WQ(B(y,H(U))) =€ o= W(a)

The uniform measure w, on A(®) is the probability measure on 9A(®) induced
by &, via V.
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N 1. R L TRl Size-biased reduced tree A(%)
Size-biased reduced tree A

;X Height 1
1
(1T Va)AL (1= Vo)A (1= V)al
(1 V)3
‘/;l
l Height 0

@ V, has density —%5(1 — x)ﬁ over [0,1],
° ﬁ(la) is an independent copy of Al (Aga)),'zz are i.i.d. copies of A(®),
° /Va has the size-biased distribution of p,.
A©@) follows the law of A(®) biased by W(®) | with X distributed according to wq.
Harmonic measure on critical GW trees  CIRM Random Trees and Maps 15 / 20



RILENCLELTTEEC Ll Typical behavior of the harmonic measure fi

Typical behavior of the harmonic measure p,,

Theorem (D)

For every o € (1,2], with the same constant A, as in Theorem (B), we have
a.s. wy(dx)-a.e.

i 108 1 (Ba(x, 1)

= )\(xa
rl0 log r
lim |nga(Bd(X7 r)) _ 1
rl0 log r a—1
v
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RILENCLELTTEEC Ll Typical behavior of the harmonic measure fi

Typical behavior of the harmonic measure p,,

Theorem (D)

For every o € (1,2], with the same constant A, as in Theorem (B), we have
a.s. wy(dx)-a.e.

i 108 1 (Ba(x, 1)

= )\(xa
rl0 log r
lim log wa (Ba(x, r)) _ 1 .
rl0 log r a—1

End of the talk: give explicit formulae for 8, and A,.
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Explicit formulae for 34 and A Conductance of random trees

3. Conductance of random trees

View A(®) as an electric network of resistors with unit resistance per unit length.
Let C(®) € [1,00) be the effective conductance between the root and dA(®).
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Explicit formulae for 3, and A

Conductance of random trees

3. Conductance of random trees

View A(®) as an electric network of resistors with unit resistance per unit length.
Let C(®) € [1,00) be the effective conductance between the root and dA(®).

Similarly, let C(*) € [1,00) be the effective conductance of A@) between its root
and height 1. (NB: C(®) follows the law of C(®) biased by W(®).)
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Explicit formulae for 3, and A

3. Conductance of random trees

Conductance of random trees

View A(®) as an electric network of resistors with unit resistance per unit length.

Let C(®) € [1,00) be the effective conductance between the root and dA(®).

Similarly, let C(*) € [1,00) be the effective conductance of A@) between its root
and height 1. (NB: C(®) follows the law of C(®) biased by W(®).)
Recall the recursive structure of A(®) :

I—UA(G) l—UA(“)... 1_UA(<:)
( )\‘] ( i) y (/ )2 Height 1
U
@l Height 0

Shen LIN (ENS Paris)

Harmonic measure on critical GW trees

CIRM Random Trees and Maps

17 / 20



Explicit formulae for 34 and A Conductance of random trees

The law of the conductances

The law of C(®) is characterized by the recursive equation in distribution

C(a)g <U+ 1-U )1
e+

where
@ U is uniform over [0, 1], o N, is distributed according to pq,
° (Cfa)),-zl are i.i.d. copies of C(%), ° U, (C,'(a))i217 N, are independent.
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Explicit formulae for 34 and A Conductance of random trees

The law of the conductances

The law of C(®) is characterized by the recursive equation in distribution

C(a)g <U+ 1-U )1
e+

where
@ U is uniform over [0, 1], o N, is distributed according to pq,
° (Cfa)),-zl are i.i.d. copies of C(%), ° U, (C,'(a))i217 N, are independent.
Similarly, the law of C(@) is characterized by the recursive equation in distribution

e & (v - — )1
Cl) pc4..qpcl )

e

@ V, has density —%5(1 — x)ﬁ over [0,1],
° /Va has the size-biased distribution of p,.
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Explicit formulae for 3, and A Magic formulae

Formulae for 5, and )\,

Theorem (E)
e The constant f3, € (0, =15) is given by
L(_ECVP

2 [ c{™el) ]
el pel -1

ﬁa: -1,

where C\*) and C{*) are two i.i.d. copies of C(®).
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Explicit formulae for 3, and A Magic formulae

Formulae for 5, and )\,

Theorem (E)

e The constant f3, € (0, =15) is given by
Y B (0 R
=2\ pE )
el el -1

where C\*) and C{*) are two i.i.d. copies of C(®).

@ The constant )\, € (=15,00) is given by

a—17

Ao = E[C1) ] —1 = E[W()c®)] —1.
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4. Questions

State of art : 30 < 3, < -1 < A, satisfying that

.
)

#{v € Taln]: pn(v) = 07} ~ 0

#{V S 77,[[7]: p,n(v) ~ n*/\a} ~ nl/(afl) .
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4. Questions

State of art : 30 < 3, < -1 < A, satisfying that

#{v € Taln]: pn(v) = n P} ~ ne
#{V S 77,[[7]: p,n(\/) ~ n*/\a} ~ nl/(afl) .

Open problems :

@ Full multifractal spectrum of harmonic measure ?
For every 7 > 0, can we find ¢,(n) < ﬁ A 7 such that

#{v € To[n]: pn(v) = n "} ~ n%(0 2
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State of art : 30 < 3, < -1 < A, satisfying that

#{v € Taln]: pn(v) = n P} ~ ne
#{V S 77,[[7]: p,n(\/) ~ n*/\a} ~ nl/(afl) .

Open problems :

@ Full multifractal spectrum of harmonic measure ?
For every 7 > 0, can we find ¢,(n) < ﬁ A 7 such that

#{v € To[n]: pn(v) = n "} ~ n%(0 2

@ Does the Hausdorff dimension 3, increase as a | 17
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