Evolving Random Genealogies:
Infinite Divisibility and Branching Property

Random Trees and Maps: Probabilistic and Combinatorial Aspects
CIRM Marseille: 6 - 10 June 2016

A. Greven !

Universitat Erlangen-Niirnberg

07th of June 2016

1Joint work with: P. Gléde, T.Rippl



o Description of genealogies

© Family decomposition: the semigroup of h— forests

© Analytical tools for h—forests: polynomials and truncation

@ Infinite divisibility
e General branching property
@ Generator criterion

@ Application to tree-valued Feller

A. Greven

Evolving Random Genealogies: Infinite Divisibility and Branching Property



@ Description of genealogies
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Develop framework for modelling of genealogical information of a
stochastically evolving population as a strong Markov process, i.e. the
forward picture is described.

Apply this to obtain properties of process, equilibria, longtime
behaviour, parameter dependence, path properties.

In particular study

o infinite divisibility
@ branching property, generator criterion

We want to extend the theory to spatial models.
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Consider a finite population say a Moran-model or a branching model
(Galton-Watson).
Moran:

@ We have birth-death events
a pair dies at rate d instantaneously one of them gives birth to two
new individuals.

Galton-Watson:
@ At rate b an individual gives birth to a new one

@ At rate b an individual dies
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The genealogical tree

Birth event
L —
;1" are the descendents of «, ¢ is ancestor of /,.".

This defines:
(1) a "genealogical tree”, a rooted labelled tree.
(2) Genealogical distance: 2 - time to MRCA

Of interest is a structure abstracting from labels.
We are interested to model the stochastic evolution of the

genealogical structure as solution to a martingale problem on a Polish
space, in particular for the diffusion limit.
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Moran model size-N genealogies

Our model for a Moran population genealogy:
U= (U,r,p),

U =set of individuals
:Ux U —[0,00), quasi ultrametric
r(L ") = genealogical distance of ¢ and +/ = twice time to MRCA

_ 1
1= 1g7 - 22 6. € My (U), sampling measure
el
— : equivalence class under isometries and measure-preserving maps

of supp(p) : L.

$lis called an ultrametric probability space
U := {Y|U is up-space}
U is a Polish space for topology introduced later.
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Branching genealogies: extended up-space

Our model for a branching genealogy with varying population size
requires p1 € Mg, (U).

I :
=0 . A=pU) . B0)= o

U* = RT x U (extended ultrametric probability measures)

U* is a Polish space
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Population with types and locations: marked

up-space

Individuals with types and locations require:

V=KxG, K =typespace, G = geographic space.

Assume that K is a compact Polish space, G finite or compact.
Mark function is added to description v : U — V.

Consider (U, r, k, ).

Form equivalence class including mark preservation.

Obtain (extended) V-marked ultrametric probability measure spaces:

U= (U,r, k)

Allow : k: kernel Ux V, v=p®k:(U,r,v)

State space: Uy, respectively U7}, ultrametric (probability) measure
spaces.
Uy, Uy, are Polish spaces.
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Polynomials

Polynomials are functions of the form:

®:U—R, U*—R, U,—R
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o) = &@) [ o((r(ui u)cicj<n)X((vi, va, 5 va))P"(d(u, v))
(Ux V)"

V=URXK
X € Cb(V,R) (X S Cbb(V,R))

We call the generated algebra of functions by 1, 1 1y,.
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Topology

Define topology via convergence of sequences.

Idea: Convergence «+— convergence of sampled (marked) subtrees
and population sizes.

U, = $las n— oo if

d(Lh,) — (), V& eMresp. N* My, M.

n— oo

In particular polynomials are bounded continuous functions on :

U, Uy, U*, Us.
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© Family decomposition: the semigroup of h— forests
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Decompose the tree into subfamilies of depth h, for varying h.
Obtain the path

h — subfamily decomposition (2.1)
How to formalize this on the level of ultrametric measure spaces?

This leads to
- Lévy-Khintchine formula
- branching property
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Definition (Forests, trees and concatenation)

Let h > 0.
(a) Define the subset of h-forests

U(h)" :=1([0,2h]) := {[U, r,p] € U: u®>({(u,v) € U?: (2.2)
r(u,v) € (2h,)}) = 0} .

(b) For u,v € U(h)~ with u = [U, ry, u],0 = [V, rv, v] define the
h-concatenation:

ullho = [UwV,ry U ry,pu+1], (2.3)

where W is the disjoint union of sets and ry U" ry|yxu = ru,
ru UM rylyxy = ry and for x € U, y € V:

(ru U rv) (x,y) = 2h. We write Ul if h > 0 has been fixed. (2.4)
(c) Define the subset of h-trees

U(h) := U([0,2h)) :={[U, r,u] € U : u®2({(u,v) € U*: (2.5)
r(u,v) € [2h,00) = 0} .
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We define the h-truncation of an h'-top for h’ > h as

U-(h") — U"(h) (2.6)
Thop (u) = (u,r A2h, p),u € UZ(R)

A. Greven Evolving Random Genealogies: Infinite Divisibility and Branching Property



Theorem (Semigroup structure)

(a)The algebraic structure (U(h)“,U") is a Delphic semigroup. The set
of irreducible elements is U(h) and any u € U(h)- has a unique (up to
order) decomposition:

h
u= |_| U, (2.7)
iel
where | is a countable index set and u; € U(h) \ {0} associating with u a
collection of decompositions for b’ € [0, h].

(b)The h-decompositions are consistent, i.e.

Th ooy =uiu ol (2.8)

’ ’
where  {ul  ..ul} {ul ol

are the h' respectively h-decomposition of u. O
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We obtain a path of consistent decompositions

h — {u(h)1,--- ,u(h),} (2.9)

which consistent w.r.t. to truncation.

Values are taken in semigroups (U(h)“, M.
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Definition (Tops and trunks)

Let h>0and u=[U,r,pu] €U:

(a) Define the h-top u(h) :=[U, r A 2h, u] € U(h)-.

(b) Suppose u(h) = Ll?el u; as in (2.7) with at most countable index set

I'and u; € U(h) \ {0} and write u; = [U;, r;, pi] for i,i" € I. The
h-trunk of u is defined as the ultrametric space

u(h) = [I,r*, p], (2.10)
with
r*(i,i") = inf {r(u,v) —2h | u € Uj,v € Un} (2.11)
and the weights
p ({i}) = pi(U5). (2.12)

v
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The mapping U — U(h)~, u > u(h)and (0, t] — U(h)“, h— u(h) is
continuous.

\

Definition (number of h-balls)

If u € U and let I be the index set belonging to the decomposition of
u(h) as given in Theorem 2. Then we set #xu := #/.

A

Proposition (Lemma 2.4(a) in[EM14])

The number of open 2h-balls #, is measurable. It is an additive
functional on (U(h)“,U"), that is

#n(ulv) = #n(u) + #n(v), (2.13)

for all u, v € U(h)-, where we interpret co +a = a+ oo = oo for
a € Ny U {oo}.

N

A. Greven Evolving Random Genealogies: Infinite Divisibility and Branching Property



© Analytical tools for h—forests: polynomials and truncation
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Definition (ultrametric distance matrices)

(a) Define the set of ultrametric distance matrices of order m > 2 by

D, = {(r,j),'g,'<jgm 2 (g >0, rij <rxV Tkj Vi<i<k <j< m}
(31)

and Dy = {0}.

(b) For an ultrametric space u = [U, r, ] € U and m > 2 we define the
distance matrix map of order m

Rm,(U,r) U" — ]D)ma (Ui)izl,...,m = (r(u,-, Uj))1§i<j§m (32)

and the distance matrix measure of order m

l/m’u(dg) o= ’u®m o (Rm,(U,r))—l (3.3)
= p®"({(u, ..., um) € U™ (r(uj, uj))1<icj<m € dr}).

For m = 1 we set v1* := ii := u(U) the total mass.
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Definition (Polynomials)

For m>1 and ¢ € Cp(Dp,), define the monomial
d=0"? . U—>R, uw— (pv™) = /l/m’u(dé) o(r). (3.4)

The elements of the algebra generated by [1 are called polynomials, the
corresponding set A(IM). We denote special classes of monomials for
h > 0 as follows:
My = {6™ € N : supp(¢) C [0,2n) ()}, Ny = {6™? €N : ¢ > 0}
(3.5)

and I_Ih,+ = rlh n |_|+ .

<
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Definition (truncation)

Let m € N and ¢ : D, — R. Define the upper h-truncation of ¢:

on(r):=o() ] Tpew(r) (3.6)

1<i<j<m
For the monomial ®™? € I define

O () == (¢, v™"). (3.7)

This extends to polynomials by linearity.
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Definition (Laplace transform)

The Laplace functional Ly : My — [0, 1] of a random um-space 4 by
Ly(®) :=E [exp(—®™?(L))], ®=0m? eI, (3.8)

the truncated Laplace functional Lg : A(My 1) — [0,1] by restriction.

The next result tells us that Laplace transforms on U(h)" share an
important property with Laplace transforms on [0, c0): they well-define a
probability measure on that space.

Theorem (Truncated Laplace transform)

(a) Let s, 84" € U(h) be random h-forests. Then,
ULy = Ly(P) = Ly (d) Vb € A(Mp4). (3.9)

(b) Let i,8,, n € N, be random h-forests. Then,

Uy = U = Ly (®) = Ly(®) ¥ € A(Myy).  (3.10)

n—oo
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@ Infinite divisibility
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We have a R indexed collection of nested semigroups for which we
want to decompose our law. The key concept is the following.

Definition (Infinite divisibility)

Suppose t > 0. A random um-space 4l taking values in U(t)" which is

not identically O is called infinitely divisible if for all h > 0 (or t-infinitely
divisible if for all h € (0,¢t]) and n € N

we find iid. 4", u{" e U(h)-,

s.t.the h-top of il is a concatenation of these random forests:

g(n) L gl (4.1)

Note that by Theorem (9) this is equivalent to saying that for all
h > 0 the Laplace functional of the h-treetop factorizes for any n € N:

Ut € (U(h)Y with Ly(®) = (Lynn ()", € A(Mhy).  (4.2)
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Recall that M#(E) denotes the set of boundedly finite measures on
E, which we will consider here for the space E = U(h)- \ {0}) with the
point O infinitely far away.

Theorem (Lévy-Khintchine representation)

An infinitely divisible random ultrametric measure space $l allows for a
Lévy-Khintchine representation of its Laplace functional;, more precisely,
there exists a unique A\, € M (U \ {0}) with [(Ti A 1)Aso(du) < 0o
such that for any h € (0, c0):

— log Ly (%) = / (1—e )\, (du) Ve, (4.3)
U(h)-\{0}

for

An(du) = /U RO I0) € 6 € MAU\ (0. (44)

v
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Theorem

If 3L is merely t-infinitely divisible, there is a unique

At € M#(U(t)" \ {0}) such that u+s (i A1) is also integrable, (4.3)
holds for h € (0, t] and (4.4) holds with \; instead of Ao, for h € (0, t].
In either case,

M(U(h)2\{0}) = —log P({l = 0) € [0, oc] for any h. (4.5)

We refer to A\, as the h-Lévy measure and to A\, as the Lévy measure.

v
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Corollary (Poisson cluster representation)

Let $L be infinitely divisible. Then for every h > Q there exists a Poisson
point process N*» on U(h)" with intensity measure
Ap € M#(U(h)Y \ {0}) such that

NOENEET (4.6)

If A is t-infinitely divisible, then there exists a Poisson point process on
U(t)" such that the h-truncations of the points form a Poisson point
process N" with Lévy measure \y with (4.6).
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e General branching property
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Branching property:

o Different individuals grow independent trees of descendents.
@ State of the process however contains information about also the
early ancestral relations, creates dependence.

How to reconcile this and how to formalize this for U—valued
processes?
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Setup

Let S be a Polish space. We use B(S) for the Borel o-field on S and
bB(S) to denote the bounded measurable functions on S.
Assume there are S; C S, t > 0 with the following properties.

@ S, CS; for0<s<t.

@ S; isclosed in S.

@ There is a continuous mapping T; : S — S¢, which is the identity if
restricted to S;: Ty(x) = x for any x € S;.

o There is a binary operation ' : S; X Sy — S; such that (S¢, L") is a
commutative topological semigroup for all t > 0 with neutral
element 0 € Sp.

@ The extension of LIt to all elements of S is defined via
LS xS =S, (x,y) = (Te(x)) U (Te(y)).- (5.1)

For simplicity, we drop the index t at Lt if it's clear from the context.

A. Greven Evolving Random Genealogies: Infinite Divisibility and Branching Property



Example (um-spaces)

Recall the setting of ultrametric spaces and the semigroup of t-forests.
The evolving genealogy of the population was described via the
genealogical distance between individuals and a sampling measure giving
an ultrametric measure space and element of U.

Trees were h—truncated by truncating the metric at 2h and two such
objects were h— concatenated, LI, by taking the disjoint union of the
sets of individuals, keeping the metric in each population and setting the
distance between individuals from different subpopulations equal to 2h
and by adding the measures. Then S = U, S, = U(t)" ultrametric
measure spaces of diameter at most t and T;u = u(t) the classical
truncation, t > 0, u € U.
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Definition (t-multiplicativity and t-additivity)
Let f : S — R measurable and t > 0. We say that f is t-multiplicative on
S if

falt - Ux,)="f(a) - f(xa), n€EN,x,....x, €S;. (5.2)

We say that f is Li*-additive on S; if

fOaUt - Ux)=f(xa)+ - -+f(xa), nEN,xq,....,x, €S. (5.3)
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Definition (Convolution)

Suppose t > 0 and n € N. If Qq, Q> are probability measures on B(S;),
then define the t-convolution
Ql " QZ : B(S) — [Oa 1]7 A (Ql *! Q2)(A) via

(Qu " @)(A) == . Q1(dx1) g Qa(dx2) I(x1 Uf x2 € A). (5.4)

4

Certain functions on the semigroup will play an important role.

Definition (Branching property for semigroups)
A family (P¢)¢>o of probability kernels Py : S x B(S) — [0, 1] has the
branching property if

Pi(x1 U xo, hy) = (Pi(x1, <) *° Pi(x,-))(he), x1,% € S, (5.5)

for any s, t > 0 and h; € bB(S) t-multiplicative on S;.
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@ Generator criterion
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We need a criterion easy to check to decide whether the solutions of
a martingale problem
(A, F.6.) (6.1)
has the branching property.

This replaces the classical argument with values in linear spaces based
on the Log-Laplace equation, in the context of genealogical processes.
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Theorem (Branching generators)

Let Dy C Cp(S) be t-multiplicative functions on S;, t > 0, and

D c {(x,t) = (t)he(x) : b € CL(R,R), hs € Dy, (t+ hy)  (6.2)
€ CY(R, Co(5))}
on which we have a map A= A+ 9, : D — B(S). Assume that for any
(x,0) € S x R the following holds.

For any two solutions (Xt, t)i>o0 and (X{, t)t>o of the martingale problem

for (,2\7 D, d(x,0)) one has T:X; 4 T: X! for every t > 0, and a solution
(X, t)e=0 has a stochastically continuous version.
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Theorem

Then the family (P;):>o defined via P(x, ) = E[f(X;)|Xo = x],
x € S,f € bB(S),t > 0 has the branching property if and only if either of
the following conditions is satisfied:

(a) Forxi,xo € St,phe D, t > 0:

A (t)he(x1 U xo) = o () he(x1 LU xp) + w(t)[/z\ht({l)ht(xg (6.3)
+h:(x1)Ah:(x2)],

(b) For each 1bh € D there exists a function g : Ry x S — R such that
g(t,-) is U-additive for each t > 0 and, for all (t,x) € R, x S,

Ap(t)he(x) = ' (£)he(x) + ()& (t, x)he(x) (6.4)

<
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Consider the case where 5; = S, t > 0.

Corollary (branching generator, classical case)

Assume S is a Polish space and D C bB(S) is multiplicative on S.
Assume that the (A, D)-martingale problem is well-posed and has a
stochastically continuous solution (X¢)t>o.

Then the semigroup associated to (X:)¢>o0 has the branching property if
and only if either of the following conditions is satisfied.

(a) Forall x1,x2 €S, he D:
Ah(Xl L X2) = Ah(Xl)h(Xg) aF h(Xl)Ah(Xg), (65)

(b) There exists a Li-additive function g : S — R,
ie. g(x1 Ux) = g(x1) + g(x) for any xi,x € S with

Ah(x) = g(x)h(x), x€ S, heD. (6.6)
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@ Application to tree-valued Feller
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We next want to define the evolving genealogy of a Feller branching
process, as the simplest example of the setting we proposed.
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This U—valued Markov processes solves the HP for the following
operator.

" ([U,r, p]) = /U P((r(xi )1 < i <j € n) pldxr)... p(dx) (7.1)

QT¢H7¢(u) — Q‘Tygrow(bn,d)(u) + QT,bran(bn,d)(u) (72)

and QTo"%(0) = 0.
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The operators are given by

Qo) = 02T ), To= Y 2L (73)

re
1<i<j<n '

2
QUIOn () = bnd" () + T YT O w),  (7.4)
u1§k<I§n

where

(9/(7/(2))“ = r,-)j]l{,-¢/’j¢/} + I’kJ]l{,-:/} + I’,')k]l{j:,}, 1<i<y. (7.5)
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U(h)" ={UeU " ({(x.y) € V| r(x,y) > 2n}) =0  (7.6)

U(h) = {U € U |"*% ({(x,y) € U*| r(x,y) >2h}) =0 (1.7)

Then define for u, v € U(h)" the concatenation:

ulo=[UWV,ryU"ry, p+ v], with (7.8)
ru U ry luxu=ru, ru U rv |vsv= v, (7.9)
ruUry(x,y)=2h, xe U,y e V. (7.10)
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The h-top u(h) of u € U is defined:

u(h) = [U,r A2h, ] € U(h)-. (7.11)

Then the truncation operation is :

Ta(u) = u(h), S, = U(h)". (7.12)
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Theorem (Branching property: tree-valued Feller)

The tree-valued Feller diffusion $ has the branching property. O]
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This result extends to spatial processes for example:

@ tree-valued super random walk
@ historical process of the above

@ ancestral path marked tree-valued super random walk
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