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KPP and all that

¥32 KER
,

tZo 2+0  =  5
, .nu + uh - a)

@ : UCMDEO and U ( kit ) I 1 are ( trivial ) solutions
.

unstable Stable .

�1� : A Travelling Wave solution is Uk ,t)=y(x - ct )

w solves o= w
' 't cw 's wit - w ) Shape thud

Q : For which c Fw s.tw 1>0 with spade ?

A- : ZW .TW of spade , from Ibo .(⇒CZZThe TW of speed ( is unique up to horizontal shift

w*= critical TW of speed 2 .
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KPP and all that
.

�2� what if ulqx )=(
o ) ?

reefMt  = position

k¥37 ] me such That

ucxtmt ,t)→w*Cx ) unit in x.

and me =

Zt
+ oft )
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KPP and Bramson

�2� what if ulqx ) €Ty) ?

↳ decrease fastenough

reefMt  = position

Bramson '

83 f me =

zt
-

22
logttc to (1)

U ( xtmt ,
t ) → w*Cx ) unit in x .

C to the horizontal Shift.



KPP and Bramson

In fact Speed selection ~ asymptotic behavior of Vax )

⇒ U(x+mYY,+) → wncx )if uk "

)€T
) when m*t=

cxtto
' 't

~ e
- X K

Cir ( ex :c x=
A + ,÷ )

a ✓ ⇒ Twnweithnspumdacx
2

x z
> R
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Ebert - Vansaarloos Conjecture .

�2� what if ulqx

)=⇐) ?

Define frontpositim
↳

decreases
fastenough

MgIH : U ( malt )

it
) =D me -fkd "

Uk ,t ) dx 22×01 m+ , " ) = 0
.

quartile Expectation inflection .

median

Ebeertvanaarloos

man
=zt-22logttc - 3I[ + . . . .

U ( xtm . ,t ) → w*Cx ) unit in x .

C ⇐ the horizontal Shift.
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KPP and Bramson

Universality 2±u=5xxu+ flu ) f :
• ~

myth = Zt- Zzlogttc - 3MF+ . . . .

More generally : for "

pulled
"

frontµand vi

K

m .H=mt-23glogttc - 3V2gfya,FE'
"

+ . - .



KPP I BBM BBN = branching Brownian motion

. PE ~ TEBT ( so that generator is D
,

not IS )

. Split into hiuo at rate 1

• pt are independent.

*)= position of pt at time t

Let 41×1 :R→[ o
,

B

McKean '
75

€ Yiu ) = T
ucn ,H=Eo[It

'

4th - XIH ) ] uk ,H=Po(maxx ;Hex )

Solves 2+0=5 ,cxU - uh - u )
|

ucx ,°)=e , " ,
KPP ⇒ cdf of max Xytj !



Bramson for probabilist Me position of rightmost ptc
= miaxhxictl }

Ult ,x)=t . BCM . < a )
Solves F. kpp

Take mt= Zt - 3.2 Pogt + (

U ( xtm+ , f) =P ( Mt - Mee x ) → w*( x )

⇒ He-mit converges in dist to W

and B(w£x ) is the critical Travelling wave .
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A linear problem

du = 5.nu tu - UH ⇒ unbounded growth .

UH ,H= Expected density of ptc near k
.

in BBM .

⇒ We introduce a killing boundary mo .

2 ,U = Ben U + U
,

x > Mt

/
u ( mt ,t)=0 .

Q : . Can we chose me so that Ulmttx ,
t ) → ¢ lx ) ?

• Can we Chose m+ So That

. U ( mp +1
,

t ) = 1 Ft ?

. U
'

( Mt ,
+ ) = 1 tt ?

.
Kulm + tx

,
+ ) dn = 1 ?
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ulxtmt ,H= axe
" [ n . rat - 35¥ +0ft 'tk)+ Otta )

choserH=¥rn+° Any +9K¥ ) + anti ) ]
To kill this Term ⇒ yields An fastest convergence!

. For most choice of rct ) Iu( xtmt , H - 41,4 / = OH
' 'D

• For rat well chosen ( T
- 3ft ) if Vc - 4

Can have |u(x+m+, H - 4 1 x ) / = 0168Mt )
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Why is this interesting ?

N - BBM : when a particle branches kill The leftmost
To keep # = N

.

→ model of pop .

under selection
.

LT.
= pos . of leftmost µF( . ) = empirical Meas . ( each pt = %)

Conjecture: on [ot ]
, ( de, µ

FHH) Converges weakly To

4- ,
Ult ,

" )dx) solution of free boundary pb :

. d ,
U = DU + U Fk > Lt

. U(L+
,

D= 0 ( hydrodynamic limit)
. Ft f[ dy UHYHY =L

we believe Lwzt - Elogttc - 3M€ + . "

⇒ Durrett - Remenik prove it for a related model
.



Summary
- fast decreasing

D For F- KPP 2- U= But v( 1- u ) with Vol " )= /

malthiffx : ult ,
" )=x }

Then math = Zt - Ilagttc ,
+ Ip + OH

'°⇒ )

→ recent work
. BWTprivate communication

,
in fact tar =

- 3k !
Nollen

,
Roquejottre , Ryzhik .

2) The linear free boundary pb . ( Le
,

Ult
,

" ))
2- U= DU tv

⇐kxtHtag°µ
,

, soft : Ukttx ,⇒ converges Vs. correction gives
the fastest

-
hard K+u( yldy =L ; 0p*convergence .



Theorem ( Berestydxi Brunet Harris Robert )

Sullose

hH=0(xk
' ' ' ) , vcz

and write me=2t-ElogttatrutThen rH→o ⇒ UC mttx ,D→¢( x ) = xxe
' ' '

with

a=¥n
's

fhlylyihhdydy

If furthermore r "l+)=O ( t
- 2.7 ) y >o ( ex :rH=t

' " )

ulxtmt ,H= axe
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Key idea Write Uk ,H=f§1y) qlt ,
" ,y)dy

where q sol started from Jy ( linear ! )

915 's y ) of of :

2+9=22×9 +
q

{ qct , m+ ,y)=o , qco ,
" ,yk% . y

9 It , " ,y)= et By ( B+Edk ,
Bs > ms FS ← Co

,
t ) )

density of ptc near x
,

started from y , killing atms



Ulxitkfothlyjqlt,
" ,y)dy

91T, " ,y)= et By ( B+Edk ,
Bs >ms Fseco ,t ) )

qltktmt ,y)=etPy(B+edn,
B , >o)Ey[ Z

'm '( B )|B+€dx,Bs>0ts ]
↳ Girsorov Term

.

qhxtmi . ,y)=¥tsinh'tQi"I¥et . tfsotasmksi

em¥H→y+e±
when

:
fly

,x)=Ey[
explkftmcss

" #:P "

. yt

"÷sDd→Bessel bridgeAxfrom ytxoflengtht .

y •



4+1%4 = Ey[e×p( It ( u
, y ) ) ]

where It ( u
, y ) = kftmcss

" #:P "

. yt "÷3)ds
.

Not : Hit
't

. y+¥h→[ 33'
- y ]

a

t.sn

Icy ) = E↳m%s[ SY'
- y ]

ds



4+1%4 = Ey[e×P( It ( u
, y ) ) ]

where It ( u
, y ) = kftmcss

" #:P "

. yt "÷3)ds
.

Not : Hit
't .y+¥h→[ 33'

- y ]
t.sn

Icy )= Eftm"css[ 33'
- y ]dy

Assume only m "H=O(%D⇒m' lskvt 01%)⇒m(s)=vs+0kgD

Lemma lim 4+4,10=4 .
1 y )=E[ EIYT



4+1%4 = Ey[e×p( Ielu , y ) ) ]
where It ( u

, y ) = kftmcss
" #:P "

. yt "÷3)ds
.

Not : Hit
't

. y+¥h→[ 33'
- y ]

t.sn

Icy )= 's ftm"css[ 33'
- y ]dy

Assume only m "H=O(%D⇒m' lskvt 01%)⇒m(s)=vs+0kgD

Lemma lim 4+4,10=4 .
1 y )=E[ EIYT

in fact: Ytly ,x)= Ytly ,d( 1+7<011085 ) )
,

K±s 4+(9 ,
" )£k ,

ling Yalyl = ed where D= ÷ f%( m 's ) - VP



write mc D=

vs
tons )

,
fish 0110yd,

JYSKOCVS)

there
mattx ,y)=¥tsinh'tQi"I¥et . ÷ seas

mmM¥4 'D
4+4 ,x )
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write MC D= vls ) tons )
,

fish 0110yd,
JYSKOCVS)

the
lt

,
mattx ,y)=¥tsinhstQi"I¥et . ÷ seas

mmM¥4 'D
4+4 ,⇒

=÷#etat÷) . FJH - s - fextollastlt )

×sinhstQe¥y+¥'yyypetk 't

so Untmut ,t)= £ ,

etc ' ' ¥ ) ' FJH 's - Fextollastlt )
µ , ,g+ ,

Hk ,H=EdysinhltIe¥yt¥'s yypetkthiy,
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so Untmut , D=¥32 etc ' ' ¥ ) ' FJH - s - Fextollastlt )
µ , ,g+ ,Fin

Hh , ,+)=

fkyztsinhtte
e¥7t¥'yyyy, e-

$4
they,

Pick v and JH so that has a nontrivial limit

v¥ .

If hcy) ~ Ay°eT ,
vc -2

then Hk, it ~ x fothly) yeY 4*4 ) ( bounded)

So e-
" 4

must compensate EK ⇒ JH= - Zzlogt .



Them : Thai )=uk,o ) as follow ,

- fmissuchthatm "t=0( f.)them of nontrivial ifandmlyif
hlH=Uk,o ) mt ¢( x )

~ ARE
.tk

cstttflogttatoh. )=X( e- tkte
- '

%)
rtlo ,D a=Aeta( 8+1 )

~Axoe
' "

Zt -¥logt+ato( 1) = dxe
' "

w > -2

t.ae#aDM1+F)~Ax2ei" Zt - Zzlogttlogkgttatoh ) =L

Kenya- ←M

=0(xT×) zt - Elogttaton. )
=××e

' "

vcz a=¥n' sfhlpyihhydy



than



We focus oh the " Bramson
"

case :

#TTn)=O(xk
' ' ' ) , vcz me=zt -Elogttatrut¢|y=

xxe
' ' ' witha=¥n 's

fhlpyihhydy

with rH→o ,
r "H= Oft

- 27 ) y >o

ulxtmt ,H= axe
" [ n . rat - 3F÷+OHtk)+O(Has )

+0169¥ )+O( ray ]

⇒ rattofconv. Ux+m+ ,H To axe
' "

is

max ( lrhtl
,

E "

,
t

't 42 ) .

⇒ Ifk -3 take rcH= - ¥t , if -3cm -2
, rH= OH

't " ) .
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Bessel toolbox :

÷Y : Bessel started from y : d But
'

= d Bs + ¥,
ds

. His?° ¥ 37¥ seat )

. d 35"d→0= d Bs + ( ftp.o - 3÷B→°) ds

→ der
, ,

= ¥dBs÷
,

is a BM

. d 35:p "

=

dress
+ (cdhlxuktsntji3÷B→) as
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-



yes

3F's}sY's3*+4
- ⇒ its

gst:o→Iztis→EsYo→+yt÷



yzz >,o 3

's'E}P's3*+4
- ⇒ its

, t

:o→Iztis→EsYo→+yt÷
• )C

rut .

'

gstigszsggt :y→zzay→z+(x-¥y

.



yzz >,o 3

's'E}sY's3*+4
- ⇒ its

, t

:o→Iztis→EsYo→+yt÷
• )C

wvrnt.

'

gst :y→z⇐gt:y→zzay→z+(x-¥y

.

39:s→0→3 's" 3Yhy→ Bs

Fyisa 3"sbs° . Y+t÷ → Bs



FG rv .

with Gaussian Tail st
.

Vs ,Fy

IYY' . yl _< G max ( s "2Ts"2+4



Assume mist ,

m
"
Cs )=O( s

-

y

⇒

m%)=r+O(%) ,
mcs )

-

- ra) + OC logs)

D= IT§m' 's ) -vpds

4. ly ,
" )=E[ Flynt ]



91T ,n ,y1= et By ( B+Edk ,
Bs >ms Fseco ,t ) )

Next : Girsanov

qlt,x+m+,y)=et'
' Tfidsm "$Ey[ Btedx , Bs >ots

,

expttzftmis )dB
, ]

Now ,Ey[ Btedx ,Bs>o,¥et]=¥sinhstQi "I¥dx

qhxtmi . ,y)=¥tsinh'tQi"I¥et . tfsotasmksi

Eycexptkftmissdsts:p'D
}t:Y→k : Bessel bridge fromytxofbngtht .



Eycexptkftmis, dsts:p'D

Ytlyicheyfexpfkftmisfd
35:P:

"÷tds)]= Eyfexptkftmis, d 35:P
"

)] em¥ has )

= Eyfeexptkftmcss
" #:P "

- yt "÷sDds) ]

:wmx
y



qlt,
x+m+ , y) = ntsinh TI i "I¥

et . ÷ seas

mmM¥4 'D
y+e±

⇒ Bessel Toolbox To compute 4+1%74 .






