
Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Some results on null controllability of the heat
equation in presence of singularities

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O.
Hadjer

AMNEDP, Faculté de Mathématiques, USTHB, Alger

CIRM November 9-13, 2015

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Some references on the singularity of the solution of elliptic
problems in singular domains

V, A, Kondratiev,1967 Boundary value problems for elliptic
equations in domains with conical or angular points,
(Transactions Moscow Math.Soc., p.227-313).

P. Grisvard, 1985 Problems in nonsmooth domains. Pitman,
Boston, London, Melbourne,.

M. Dauge, 1988 Elliptic boundary value problems on corner
domains, Lecture Notes in Mathematics, 1341,
Springer Verlags, Berlin.

P.Grisvard,1992 Singularities in boundary value
problems,Springer-Verlag.

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Presentation of the Problem

We suppose that ⌦ contains one straight crack � emerging at
a point S 0 of the boundary @⌦. We will designate by S its tip
and by �1 the part � \ �, �1 is supposed regular.

⌫

�1 �⌦
S S

�
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We consider
8
<

:

@
t

u � �u = v1O in Q
T

= ⌦ ⇥ (0,T ),
u = 0 on ⌃

T

= � ⇥ (0,T ),
u(., 0) = u0 in ⌦.

Question:

For u0 2 L2(⌦) and O ⇢⇢⌦, does there exists v 2 L2(Q
T

) such
that u(T ) = 0?
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Known results: ⌦ 2 C 2

⌦ 2 C 2

A. Fursikov, O. Imanuvilov: For a general parabolic equation
G. Lebeau, L. Robbiano: For heat equation

The result in [Fursikov-Imanuvilov] was obtained by proving
Carleman estimates that imply an observability inequality
equivalent to the null controllability of the parabolic equation.
In [Lebeau- Robbiano], the result was obtained through a
spectral inequality and this inequality was proved by proving a
local Carleman estimate.
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Fursikov-Imanuvilov

For ⌦ 2 C 2, and O ⇢ ⌦, A. Fursikov and O .Imanuvilov
constructed a function

� 2 C 2(⌦)

satisfying:

� > 0 in ⌦, � = 0 on �, |r�| � C > 0 in ⌦\O.
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Carleman Inequalities

↵ (t, x) =
e2�mk�k1 � e�(mk�k1+�(x))

t (T � t)

⇠ (t, x) =
e�(mk�k1+�(x))

t (T � t)

s,� sufficiently large
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Carleman Estimate

s�1
Z

Q

T

e�2s↵⇠�1
⇣
|q

t

|2 + |�q|2
⌘

dxdt + s�2
Z

Q

T

e�2s↵⇠ |rq|2 dxdt

+s3�4
Z

Q

T

e�2s↵⇠3 |q|2 dxdt  C1(s
3�4

Z

O⇥(0,T )
e�2s↵⇠3 |q|2 dxdt)

8
<

:

q
t

+ �q = 0 sur Q
T

q = 0 sur ⌃
T

q (T ) = q
T

sur ⌦

q 2 C 0 �[0,T ], L2(⌦)
� \ C 0 ([0,T [,D(��)) \ C 1 �[0,T [, L2(⌦)

�

D(��) = H2(⌦) \ H1
0 (⌦)
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Remark

Note that to prove the Carleman inequalities, Fursikov and
Imanuvilov used the regularity of the solution to justify some
integrations by parts
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In our case
Theorem

For q
T

2 L2(⌦) there exists a unique solution q of the adjoint

system such that:

q 2 C 0 �[0,T ], L2(⌦)
� \ C 0 ([0,T [,D(��)) \ C 1 �[0,T [, L2(⌦)

�

D(��) = H2(⌦) \ H1
0 (⌦) � span{r 1

2 sin
✓

2
}

q(t, r , ✓) = q
R

+ c(t)⌘(r)r
1
2 sin ✓

q
R

2 H2(⌦) \ H1
0 (⌦)

(r , ✓) are the local polar coordinates at the tip S
⌘ is a cut-off function
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q 62 H
3
2 (⌦) )

@q

@⌫
is not in L2(�)

Summarizing: two dificulties
1

construction of a weight function � adapted to the singularity

of the domain

2
treatment of singularities of the solution near the tip S
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Construction of the function �

Proposition

Let O ⇢⇢ ⌦, there exists a function � 2 C 1 �⌦̄
� \ W 2,1 (⌦) such

that

� > 0 in ⌦, |r�| > 0 in ⌦\O,

@�

@⌫
< 0 on �1 and

@�

@⌫±
= 0 on �\{S},

where ⌫+ and ⌫� denote the (opposite) outward unit normal of the

crack �.

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Idea of proof

1 we divide the domain ⌦ in two parts in order to isolate the
crack. We denote ⌦

S

a neighborhood of the crack and ⌦0 the
complement in ⌦.

2 we construct �|⌦
S

:= �
S

in ⌦
S

3 we extend �
S

in the regular part ⌦0 by a function �0 ;
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(x1, x2) = �x1 + c
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�
S

2 C 2(⌦), �
S

> 0 in ⌦,
@�

S

@⌫±
= 0 on �\{S} and

@�
S

@⌫
< 0 on �”\{S 0}.

|r�
S

| > 0, ⌦
s

We set g0 = �
S

on �0 and h0 =
@�

S

@⌫
on �0.

We extend g0 (resp.h0) to @⌦0 by a function g (resp.h) such
that g > 0 and h < 0 on @⌦0.

eg be a C 2 lifting of g to ⌦0 such that
@eg
@⌫

= h < 0 on @⌦0 and
eg > 0 in ⌦0
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Main result

We set

I (u, ⇠,↵,Q
T

) =

Z

Q

T

e

�2s↵
⇣
(s⇠)�1�|@

t

u|2 + |4u|2
�
+ s�2⇠|ru|2 + s

3�4⇠3|u|2
⌘
dx dt.

We state our result,

Theorem

Given q
T

2 L2(⌦). There exists s0, �0 2 R and C = C (⌦,O) such

that for any s > s0, � > �0 the solution of the adjoint system

satisfies

I (q, ⇠↵,Q
T

)  C

Z

O⇥(0,T )

s3�4⇠3e�2s↵|q|2dx dt.

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Step 1. Treatment of the singularity of the solution :

⌫

�"

c"

⌦"
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Step 3. Derivation of the Carleman estimate

We set  = e�s↵q and for P = @
t

+ �, we define

L = e�s↵P(es↵ )

Our aim is a lower estimate of ||L ||2
L

2(Q",T ).

We obtain L = L1 + L2 = F , where
8
>>>><

>>>>:

L1 = 2s�2⇠|r�|2 + 2s�⇠r�.r + @
t

 ,

L2 = �s2�2 |r�|2 ⇠2 � � + s@
t

↵ ,

F = �s�⇠�� + s�2⇠ |r�|2  ,
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Derivation of the Carleman estimate

After integrations by parts, we get the following estimate :

I ( , ⇠,↵,Q",T ) + J( , ⇠,↵,⌃",T )  C

 
s3�4 R

O⇥(0,T )

⇠3| |2dx dt

!
,

J( , ⇠,↵,⌃",T ) = �4s�

Z

⌃",T

⇠ (r�.r )
@ 

@⌫
d� dt + 2s�

Z

⌃",T

⇠ |r |2 (r�.⌫) d� dt

J(·, ·, ·,⌃",T ) = J(·, ·, ·, �",T ) + J(·, ·, ·,C",T ).
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Step 4. Treatment of boundary terms near the crack

Terms on �",T :
1 @�

@⌫ = 0 on �" then J(·, ·, ·,�",T ) = 0

2 @�
@⌫ < 0 on �1 then J(·, ·, ·, �1,T ) � 0

J(·, ·, ·, �",T ) = J(·, ·, ·, �1,T ) + J(·, ·, ·,�",T )

Then
J(·, ·, ·, �",T ) � 0
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Step 4. Treatment of boundary terms near the tip

Terms on C" :
We use the density of D(��) \ C 1(⌦) � span{r 1

2 sin
✓

2
} in

D(��)
 =  

R

+ c
S

 
S

,

with  
R

(., t) 2 C 1(⌦) for all t 2 (0,T ).
This implies

 (., t) = O(
p
") and |r (., t)| = O(

1p
"
).

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

J( , ⇠,↵,C",T ) =

Z

C"

⇣
⇠
@�

@⌫
((
@ 

@⌧
)2 � (

@ 

@⌫
)2) � 2⇠

@�

@⌧

@ 

@⌫

⌘

Let L( , ) := J( , ⇠,↵,C",T )

With  =  
R

+ c
S

 
S

, one has

L" ( , ) = L" ( 
R

, 
R

) + 2cL" ( 
R

, 
S

) + c2
L" ( 

S

, 
S

).

we verify that

lim
"!0

L" ( 
R

, 
R

) = lim
"!0

L" ( 
R

, 
S

) = 0.
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Lemma

lim
"!0

L" ( , ) � 0
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Using the expression of q
s

and � in neighborhood of the tip S we
verify that

lim
"!0

L" ( 
S

, 
S

)

= lim
"!0

Z

C"

e�2s↵⇠


(r�.⌫) ((

@q
S

@⌧
)2 � (

@q
S

@⌫
)2) � 2r�.⌧ @q

S

@⌧

@q
S

@⌫

�
d�

= lim
"!0

2⇡Z

0

e�2s↵⇠

4
d✓ � 0.

O. Zair, H. Belghazi, F. Smadhi, N. Zaidi, T. Aliziane and O. HadjerNull controlability



Introduction
Weight function

Treatment of the singularity of the solution
Other results and open problems

Main references for Carleman estimate in the regular case

A Fursikov;O. Imanuvilov, 1996: Controllability of evolution
equations. Lecture Notes Series. Seoul National
University

G. Lebeau, L. Robbiano, 1995: Contrôle exacte de l’équation de
la chaleur, Comm. Partial Differential Equations,

A. Doubova, A. Osses and J.-P. Puel 2002 . Exact
controllability to trajectories for semilinear heat
equations with discontinuous diffusion coefficients,
ESAIM Control Optim. Calc. Var.
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Some references on the control in presence of singularities

P.Grisvard,1989: Contrôlabilité exacte des solutions de l’équation
des ondes en présence de singularités, Journal de
Mathématiques Pures et Appliquées

V. Komornik et E. Zuazua,1990: A direct method for the
boundary stabilization of the wave equation, Journal
de Mathématiques Pures et Appliquées

A. Heibig and M.A. Moussaoui, 1996: Exact controllability of
the wave equation for domains with slits and for
mixed boundary conditions, Discrete and Continuous
Dynamical Systems

R. Bey; J.P. Lohéac; M. Moussaoui 1999: Singularities of the
solution of a mixed problem for a general second
order elliptic equation of the wave equation, Journal
de Mathématiques Pures et Appliquées
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Some references on Carleman estimates in presence of
singularities

L. Bourgeois, 2007: Stability Estimate for ill posed elliptic
Cauchy problem in a domain with a corners. C. R.
Acad. Sci. Paris, 345

H. Belghazi, F. Smadhi, N. Zaidi and O. Zair, 2012:
Carleman inequalities for the two dimensional heat
equation in singular domains, MCRF .

P. Cornilleau and L. Robbiano, 2014: Carleman estimates for
Zaremba boundary condition and stabilization of
waves. Amer J Math

T. Aliziane; H. Ouzzane; O. Zair, 2013: A Carleman estimate
for the two dimensional heat equation with mixed
boundary. C R Math Acad Sci Paris, 351

H. Belghazi, 2014: Null controllability of three-dimensional heat
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Carleman estimate for domains with corners

u = u

r

+ cr

⇡
! sin( ⇡

! ✓)

u 2 Hs(⌦), s >
3
2
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Carleman estimate for the heat equation with mixed
boundary conditions

u = u
r

+ c1⌘1r
1
2 sin(

1
2
✓) + c2⌘2r

1
2 sin(

1
2
✓)
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Open problems

Extension to general elliptic operators
Mixed boundary conditions for polygonal domains
Neumann boundary conditions for polygonal domains
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Thank you for your attention
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