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A spectral inequality for Laplace operator

Let Q be an open set in RY.

Let A be the Laplace operator. (Or a self-adjoint elliptic operator
of order 2).

There exist ¢; € H*(Q) N H}(Q2) and w; > 0, such that

—A¢j = wjg; in Q,
¢j = 0 on 012,

and (¢;); is an orthonormal basis of L2(2).

Theorem (Jerison-Lebeau)
Let & be an open subset of Q. There exists C > 0 such that

Wwl/2
ull 2y < Ce® lulli2(6), w >0, ué€Span{e;; wj <w}.



A spectral inequality for bi-Laplace operator:
hinged boundary conditions

Previous basis (¢;); satisfies

A2¢; = \jpj in Q,
gbj =0on 8(2,
Ag; = 0 on 012,

2
where \; = ws.

The Jerison-Lebeau estimate can be written

lull 2@ < Ce*|lulli2py, A >0, ueSpan{dj; Aj < A



A spectral inequality for bi-Laplace operator:
clamped boundary conditions

There exist (p;); an orthonormal basis of L2(Q2) and y; > 0, such
that

D2pj = pjp; in Q,

@;j = 0 on 01,

Onpj = 0 on 091,

Theorem
Let & be an open subset of Q. There exists C > 0 such that

1/4
lull2g@) < Ce“* lull 2oy, 1>0, ueSpan{gy; pj < p}.



Step of proof for Laplace operator(1)

Three kind of Carleman estimates: there exist C > 0, 19 > 0 such
that for all 7 > 79 and w € 65°(V}), (Here A = 92 + A,).

1/2

In Vi, 727wl i2(z) + 72| €7 Wl a2y S le™F Awli2(z).

Figure: Z = (0, Sp) x Q



Step of proof for Laplace operator(2)

Three kind of Carleman estimates: there exist C > 0, 19 > 0 such
that for all 7 > 79 and w € €5°(V)),

In Vo, > 72wz

j=0,1
g HeﬂpAWHLz(Z) + Tl/2<‘eTg0W\s:0+|H1(ﬁ) + |eT¢aSW\s:O+‘L2(ﬁ))‘
In Vs, > 72wy

j=0,1

S e Awllzz) + 71/2|ewW\8Q|H1((a,so—a)xaQ)’

So
So — a+
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Interpolation estimates

0
IVl e s S IV (18VIe) + IV @em.y)

6
Ivlirnvnzy S V1522 (18V]22) + Vemot i) + 105Ysmotl 2 ) -

_ 5
[Vl (vz) S ||V||L1?Z) (1Avilz(z) + IVl 2)” s Vi(0,50)x00 = 0.

So
So — a+

é
IVl 50-09 SIVITLZ) (18 VIIe22) + szt [y ) + 105 Viso |2

11



Spectral estimate

Recall interpolation estimate.

IVl 50-09 SV 1Lz, (I18VIIi22) + szt [y ) + 105 Vis=0+ 2

Let u = ijgw ujp; € Span{¢g;; w; < w}, we apply interpolation
estimate to v(s, x), defined by

v(s,x) = Z ujw smh st)qu(x).

wj<w

We have vis_o+ =0, OsVjs—o+ = 2_,, <, 4j$j(x) and we can
estimate [|v| 41 (q,5,—a) and HVH}_,_I?Z) resp. by below and by above
to have

Cw1/2H

ullz@) < Ce ull (o),
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Step for bi-Laplace operator

We introduce P = 92 + A2
» Three Carleman estimates in regions 1, 2 and 3.

» Interpolation estimates.
1)
Illsaso-ay < CIVIELs 103 vscollizgo)-
» Foru=73, <, ugj let

3/4 1/4
vis.) = 3w G ),
Hi<p

where £(0) = /(0) = f”(0) = 0, f®)(0) =1 and *f = —

The main new result is the first step.
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Known result for bi-Laplace operator

1/2 —-1/2

T3/2||ewWHL2(Z) + 7w pazy + 7€ W 22

S ||ewAW||L2(Z)-
Applying this to w = Av we obtain

72| AV 2z) + TP AV a(zy + T 2T AV 12 (2)

S ||ewA2V||L2(Z)-

Using first Carleman estimate (with a shift in Sobolev exponent),
we obtain

7™Vl i2(z) + Tl Viz) + Tll€T V] e(z)

+e™Vlims(z) S €79 8%V 12(2)-
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Problem with Carleman estimate in interior

T3||ewV||L2(Z) + 72||ewV||H1(Z) + 7lle™ vz 2)

+ e vlis(z) S €79 D%V ] 12(2),-

No large parameter in front of [[e"#v||y3(z). Problems with
perturbation by operator of order 3. (¢ = )

v

Naive method but this estimate cannot be improved.

v

This method cannot used to prove estimations at boundary,
i.e. regions 2 and 3.

We have to treat 92 + A2 but same problem if . = 0.

v

v
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Factorization and notations
We write P = 92 + A% = P1 Py with P, = (—1)kiD2 + A,
Ds = —i0s and A= —A.
We write P, = e™?Pe™ "% = Q1 Q> with Q = ™Y Pie 7%,
The principal symbol of gy, (in semi-classical sense) is given by

ak(z,¢,m) = (=1)Ki(o + i75)? + a(x, & + ife),

where 7(z,7) = (¢, 7y) = Tdp € R

and a(x, &) denotes the principal symbol of A.
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Carleman estimate in neighborhood s =0

In this domain we have Carleman estimate without loss (i.e. 1/2
derivative as usually).

Y e D ull iz z)
laf<4

3
< (17208 + A2)ulz(z) + 72 > (D)l )
J:

where u € 65°( V).
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Root properties: s =0

The semi-classical characteristics set of a (pseudo-)differential
operator A, with principal symbol a(p),

char(A) = {o = (2,¢,7) € VxRVxRy: (¢.7) # (0,0), and a(g) = O},
Results for the characteristics sets of Qy, k =1,2.
We have

‘char(Ql) Nchar(Q2) =0 ‘

This means that the real roots cannot be double.

PROOF Let ¢ = (z,¢,7) with (¢, 7) # (0,0), be such that

q1(0) = g2(0) =0, that is
(—1)ki(0 + i75)2 + a(x,& + %) = 0, for both k = 1 and k =2,

(0+ 7% =0, a(x.&+it) = 0.
In particular this implies 0 = 0 and 7, = 70spp = 0.

As here Os¢p # 0 we thus have 0 = 7 = 0.
With 7 =0, we have 7¢ = 0, and thus a(x,&) = 0, implying £ = 0.
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Roots s =0

Figure: The right picture is forbidden

In this case we can apply the Bellassoued-Le Rousseau results.
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Carleman estimate at (0, Sp) x 00

We assume 0Q = {xy = 0}.

Let P = D + A% Let zg = (s0,x0) € (0,S0) x O9Q. Let

©(2) = pry.e(2) = exp(7¥(es,ex’, xq)). There exists an open
neighborhood W of z in (0,Sp) x R, W C V, and there exist
T0 > Tv, Y0 > 1, €0 € (0,1], and C > 0 such that

v Y I D ullzzy + Y 17D uazl,
la|<4 0<j<3

< c(llePully + Y- 17D, uozly ;1)
j=0,1

_.177‘:

for 7 > 70, v > 70, € € [0, 0], and for u = w7, with
w € 65°((0, So) x RY) and supp(w) C W.
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Root properties at (0,Sp) x 9Q2: notations

Gk(2,¢,0) = (€a+ ite,)? + (=D)Ki(o + it )2 + r(x, & + ifer),

where t = 7d¢, .. But we consider t as an independent variable.

R . A . . “ . A 2
fik(z,¢' £) := 482 Remy(z,¢',E) — 482 + (Im (2, ¢, 1)),

where M (z, (', t) := (=1)¥i(o + ity)? + r(x, & + ite).

We denote by pi +(z,¢’, £) and px.—(z, ¢, £) the roots of
Gx(z,¢, t) as polynomial with respect to &g.
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We want smooth roots (symbols) or roots in lower half space in C.

Root properties at (0, Sp) x 0Q

We assume t¢, > 0

>

>
>
>

Im ﬁk,— < _ffd < Im ﬁk7+‘
Pk~ = P+ & P = Pr+ = —itg, & M =0.
Impey S0 & S0
ik(2,¢',8) = CRR + |CP)?

Sim e (2, ¢ B) = C(IER + C2)V2.
|t| < 60|¢’], (Ao sufficiently small) then the roots py 4 are
simple and non real, and moreover
im e > C(EP + (R, mpe_ < —C(ER+ [¢'P)Y
if pr+ €R, 0< T, < C(IF'|+1¢]), [¢'] < CJE], and
Im ﬁk,— = —2f5d.
If &, > 0 and if |t'|/f, is sufficiently small, i.e. there exists
Co, C1 > 0 such that if |t'| < Gy, then
ﬁk,—i— = [A)k,_ = Im ﬁk/,i < _lefd' where k 75 K.
If|#'] < Cofe,, Co > 0. There exists g > 0, such that if
fk(z, ¢, £) > —0(E? +|¢'|?)?, the roots of gy are simple.
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Three regions

272



Notations

Norm notation ||ul|m ¢ means
> integration over x4 > 0.
> F =T,
» m derivatives in all variables (7¥D%, k + |a| < m if m € N.)

¢ derivatives in tangential variables (s and x’).

v

Norm notation |u| means

mlF
» integration on boundary x4 = 0.
» estimation for %kD)‘?‘,Di,u‘Xd:o, J<mand |o|+ k+j<{if

¢ e N. And (DX/,%VDQU‘XFO if £ is not an integer.
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Estimate in first region (1)
We have modulo error terms and cut-off in frequencies

[wll2,07 + |tr(w)|171/2’7~_ S [ Quw]

1/2(|~—1/2
o Vlges + 1tr(V)l1 o107 S N1Q2vlloes + [tr(V)lo r13/07-
We take w = Qou and we have
[Qaull2,0,7 + [tr(Qau)ly 125 S [|QrQaul
1Qaull2,0.7 = IDZ, Q2ullo.0. + || Dxy Qaullo,1,7 + [|@2ullo,2.7-
We take v:D)’fdu and/=2—-k, k=0,1,2

71/2”72_1/2D)l<<du||272—k,7"' + | tr(Dj((du)|172_k+1/275:

S 11Q:DY, ullo2—k7 + |tf(Dde)|0,2_k+3/27;-
Summing on k,
Y2)F 2|40, + [ tr(u)l31/0,7

S NQeull20.7 + [ tr(u)ly 3,2 7
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Estimate in first region (2)

Remind

|Qull2,0,7 + [tr(Qeu)l1 107 S | Q1 Qaul]-

71/2||71_1/2U||4,0,? + |tr(u)|371/2,;
S 1Qeull2,0.7 + [tr(u)ly 32 7
S 1Qeull2,0.7 + [tr(u)ly 50,7 + [tr(Q2u)lg 327
S NQLQeull + [tr(u)ly 5/ 7-
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Estimate in second region

We have modulo error terms and cut-off in frequencies

~—1
WF llaos + [t (V)3 1/2 < CIQQvI4 + [ 4(Wly527):

» We have a loss of one derivative (#71).
» This is compensate by a .

» We need the two first traces in the right hand side.
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Some ideas of proof

In this region we have 4 smooth roots pj 4+ for k = 1,2.
Im pi,— < 0 and we can have p; = po + € R.
We want follow the same way to prove estimate

Y 21F Y20l S 1(Dg = op(pr )V lloes + [ tr(V)lo p1125
NF 2z
S I(Da = op(p1,4))(Dd — op(p2,+))Vllo.e7 + [tr(V)l1 o127
[wll2,0,7 + [tr(w)l11/2,7 < [[(Da = op(p1,-))(Da — op(p2,-))wllo,0,7
Taking w = (Dg — op(p1,+))(Dg — op(p2,+))v, we obtain
WFvllaoz + [tr(V)l51/07 S [QuQv|[+ + [ tr(v)]1 52,75

We have to use symbolic calculus.

PROBLEM: the remainder terms have the same strength than the
left hand side. To follow the order in 7, v and & we introduce an
adapted pseudo-differential calculus. ( # = 7e??).
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