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The problem

We analyze the stability properties of viscoelastic models for
second—order evolution equations. In particular, we consider a model
combining memory damping and a “small” time delay feedback and a
model combining memory damping and on—off time delay feedback,
namely the time delay feedback is intermittently present.

It is well-known (see e.g. Giorgi, Mufioz Rivera and Pata 2001,
Alabau-Boussouira, Cannarsa and Sforza 2008) that, under appropriate
assumptions on the memory kernel, wave—type equations with viscoelastic
damping are exponentially stable, i.e. the energy of all solutions is
exponentially decaying to zero.

On the other hand, time delay effects appear in many applications and
practical problems and it is by now well-known that even an arbitrarily
small delay in the feedback may destabilize a system which is uniformly
exponentially stable in absence of delay.



The problem

For some examples of this destabilizing effect of time delays we refer to
[Datko 1988, Datko, Lagnese and Polis 1986, Nicaise and P. 2006, Xu,
Yung and Li 2006] .

We want to show that under suitable conditions involving the delay
feedback coefficient and the memory kernel, the system is asymptotically
stable or exponentially stable, in spite of the presence of the time delay
term. We can obtain two complementary results. The first stability result
is obtained under a smallness condition on L°°-norm of the coefficient of
the delay damping, while the second one is guaranteed if the coefficient
belongs to L'(0, +0c0) and the time intervals where the delay feedback is
off are sufficiently large.



The general model

Let H be a real Hilbert space and let A : D(A) — H be a positive
self-adjoint operator with a compact inverse in H. Denote by
V := D(A2) the domain of Az.

Let us consider the problem

ug (2, t) + Au(w,t) — [° p(s)Au(z, t — s)ds
+b( Jug(z,t —7)=0 t>0,
u(z,t) =0 on 92 x (0,+00), (P)

u(z,t) = up(z,t) in Qx(—o0,0];

where the initial datum ug belongs to a suitable space, the constant

7 > 0 is the time delay, and the memory kernel 1 : [0, +00) — [0, +00)
satisfies

e CHIRY) N LY (IRT);

ii) (0) = to >

iii fo =n<l1;

|v),u()< 5u() for some ¢ > 0.



First model

Let & C IR"™ be an open bounded domain with a smooth boundary 992.
Let us consider the initial boundary value problem

uge(w,t) — Au(a, t) + [° p(s)Au(a, t — s)ds

+kui(x,t —7) =0 in Q x (0, +00)
u(z,t) =0 on 90 x (0, +00) (P1)
u(x,t) = up(z,t) in Q x (—o0,0)

This problem enters into our previous framework, if we take H = L?(2)
and the operator A defined by

A:D(A) — H : u— —Au,

where D(A) = H} () N H?(Q).

The operator A is a self-adjoint and positive operator with a compact
inverse in H and is such that V = D(A'/2) = H}(Q).

Moreover, for simplicity we assume b(t) =k V¢ > 0.



The models

We know that the above problem is exponentially stable for £ = 0 (see
e.g. [Giorgi, Mun&z Rivera & Pata, 2001]).

Since the viscoelastic damping is a stabilizing one, it is natural to
investigate if it prevails with respect the time delay term.

We will show, by using a perturbative approach introduced in [P. 2012],
that even if a time delay generates instability, an exponential stability
result still holds if the delay parameter k satisfies a suitable smallness
condition.

We first prove the exponential stability of an auxiliary problem having a
decreasing energy and then, regarding the original problem as a
perturbation of that one, we extend the exponential decay estimate to it.
Our analysis allows to determine an explicit upper bound on |k|.



Well-posedness

As in [Dafermos, 1970], let us introduce the new variable
n'(z,s) = u(x,t) —u(z,t — s).
Moreover, as in [Nicaise & P.,2006], we introduce the function

z(x, p,t) :=w(z, t —71p), €, pe(0,1), t>0.

Using 7 and z we can rewrite (P1) as

(2, t) = (1 — i) Au(z,t) + [° p(s)Ant(z, s)ds
—kz(xz,1,t) in Q x (0,400)
ni(z,s) = —nt(x,s) +u(z,t) in Q x (0,400) x (0,+00),
Tz¢(z, p,t) + z5(x, p,t) =0 in ©Q x (0,1) x (0, +00),
uw(z,t) =0 on 9N x (0,+00)
n'(z,s) =0 in 9Q x (0,+00), t >0,
z2(x,0,t) = ue(x,t) in Q x (0, +00),
u(z,0) =up(x) and wu(z,0) =wui(z) in Q,
n°(x,8) = no(z,s) in Q x (0,+00),
2(x,p,0) =20z, —1p) 2€Q, pe(0,1),



Well-posedness

where
uo(x) = up(x,0), x€Q,
u(z) = %% (z,t)|1=0, =€ Q,
no(x,s) = ug(x,0) —up(z,—s), z€Q, se(0,+00),
2z, s) = Ge(x,s), €, se(-7,0).

Let us introduce the vectorial unknown 2/ := (u,u;,n', )’ ; then the

problem can be written as

{ u = AU, (PA)
U(0) = (uo, ur,m0,2°)7,

where the operator A is defined by

v

—ws +v

-1
—T 2,

wog e

(1= @)Au+ [ p(s)Aw(s)ds — k(1)



Well-posedness

with domain

D(A) ::{ (u,v,m,2)7
Hy(Q) x Hg () x L;,((0, +00); Hg () x H'((0,1); L*(Q)) -
o) (= [ ) € ) 0 )
i

)
€ L2((0,400); H3 ()},

where L2 ((0,00); H(€2)) is the Hilbert space of Hg— valued functions
n (0,+00), endowed with the inner product

<<P,¢>Lﬁ((o,oo);H3(Q)) = /Q (/ u(s)V@(x,s)VWax,s)ds) dz,
0
in the Hilbert space

H = Hy(9) x L*(Q) x L3 ((0,00); Hy () x L*((0,1); L*(2)),



Well-posedness

equipped with the inner product

Q

H
// Vwdesdx—i—// z(x, p)Z(x, p) dadp.

> =(1-p) VuVudx—J—/ vidz
Q

T
SIS AN
ISH Sz < 2

Combining some ideas from [Pruss, 1993] with the ones from [Nicaise &
P., 2006], we can prove the next existence result.



Well-posedness

PROPOSITION
For any initial datum Uy € H there exists a unique solution
U € C([0,+00),H) of problem (PA). Moreover, if Uy € D(A), then

U € ([0, +00), D(A)) N CL([0, +00), H).

Let us define the energy F' of problem (P1) as
1
Flt) = F(u, /ut (2, t)dar + —/ Ve, ) 2dz

+o0 | |
/ / s)|Vn'(s)|Pdsde + —— / e~ (- S)/ut(x s)dsdx,
Q

where 6 is any real constant satisfying 6 > 1.
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Stability result

The following exponential stability result holds.

THEOREM 1 [Alabau-Boussouira, Nicaise & P., 2014]
For any 6 > 1 in the definition of the energy F' there exists a positive
constant kg such that, for k satisfying |k| < ko, there is o > 0 such that

F(t) < F(0)er™7" t>0;

for every solution of problem (P1).
The constant kq depends only on the kernel u(-) of the memory term, on
the time delay T and on the domain ().



Stability

To prove our stability results we will make use of the following classical
result
LEMMA [Komornik, 1994]
Let V(-) be a non negative decreasing function defined on [0, +00). If
+oo
V(t)dt <CV(S) VS>0,
Js

for some constants C' > 0, then

V() < V(0) exp (1_é>, V0.
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Stability

Let us also recall the following classical perturbation result

THEOREM [Pazy (1983), Th. 1.1 of Ch. 3]

Let X be a Banach space and let A be the infinitesimal generator of a
Co semigroup T'(t) on X, satisfying

|7 ()] < Me.

If B is a bounded linear operator on X then A + B is the infinitesimal
generator of a Cy semigroup S(t) on X, satisfying

IS < deleramne,
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The auxiliary problem

In order to study the stability properties of problem (P1), we look at an
auxiliary problem (cf. [P. 2012]) which is near to this one and easier to
deal with. Namely,

uge(w,t) — Au(a, t) + [° p(s)Au(z, t — s)ds

—H9|k\€ ug(x,t) + kug(z,t —7) =0 in Q x (0,
u(z,t) =0 on 90 x (0, +00) (P1
u(x,t) = up(z,t) in O x (—o0,0].

+00)
)

The energy of every solution of the auxiliary problem is not increasing:

1 (e e)
F(t) < : ()| (z, ) [2dads
kéee/g 1) K10 —1)
— [ Wd(x,t)dr — — 5 /Q ul(z,t — 7)dx

2 t

Olkler [*
_i/ e (t— 9)/ut(l« s)dxds .
2 t—1 Q

Remark Note that the energy F'(-) of solutions of the original problem

(P1) is not in general decreasing.
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Stability of the auxiliary problem

THEOREM 2 [Alabau-Boussouira, Nicaise & P., 2014]

For any 6 > 1 in the definition of the energy F' there exist positive
constants C and k, depending on ji, ) and T, such that if |k| < k then
for any solution of problem (P1) the following estimate holds

00
/ F(t)dt < CF(S) VS >0.
JS

Our proof is based on multiplier arguments and it relies in many points
on [Alabau-Boussouira, Cannarsa & Sforza, 2008]. In order to extend the
exponential estimate related to the perturbed problem (Pl) to the
original problem (P1), we need to determine carefully all involved
constants.

We note that we could not apply the same arguments directly to our
original problem since the energy is not decreasing.
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Coming back to the original problem

From Theorem 2 and Lemma [Komornik], it follows that for any solution
of the auxiliary problem (P1) if |k| < k, we have

F(t) < F(0)e' ", t>0,

with
- 1
==,
C
where C' is the constant in Theorem 2.
From this and the perturbation theorem of Pazy, we deduce that

Theorem 1 holds, with o := ¢ — ef|kle™, if
—& + elflkle” <0,

that is if the delay parameter k satisfies

1
Cebe

k| < g(|k]) :=

with C':= C/(|k|) as before.



Coming back to the original problem

Now observe that (x) is satisfied for k = 0 because ¢g(0) > 0. Moreover,
by using the explicit (even if a bit involved) definition of the constant C,
we can prove that g : [0,00) — (0,00) is a continuous decreasing
function satisfying

g(|k]) =0 for |k| — oc.

Thus, there exists a unique constant k > 0 such that k = g(k). We can
then conclude that for any 6 in the definition of the energy F(-),
inequality (%) is satisfied for every k with

k| < ko = min{k, &}. O



The model with on—off delay

Let H be a real Hilbert space and let A: D(A) — H be a positive
self-adjoint operator with a compact inverse in H. Denote by
V := D(A?) the domain of Az,

Let us consider the problem

uge(w,t) + Au(z,t) — [ p(s x,t — 8)ds

+b( )Ut(T t—7)=0 t>0,
u(z,t) =0 on 92 x (0,+00), (P)
u(z,t) = up(z,t) in Qx (—0070};

where the initial datum ug belongs to a suitable space, the constant
7 > 0 is the time delay, and the memory kernel 1 : [0, +00) — [0, +00)
satisfies previous assumptions.
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The model with on—off delay

Moreover, the function b(-) € LS .(0,400) is a function which is zero

intermittently. That is, we assume that for all n € IN, there exists t,, > 0
with ¢, < t,4+1 and such that

b(t) =0Vte I2n = [t2nat2n+l)7
|b(t>| < b2n+1 7& O V t € 127z+1 - [t2n+1; t2n+2)-

Also, denoting by T;, the length of the interval I,,, that is
Tn:tn+1_tn, n €N

we assume that 7 < T5,, for all n € IN.



Previous literature

Models with viscoelastic damping and time delay feedback have been
studied by recent papers (e.g. [Alabau—Boussouira, Nicaise and P., 2014]
for infinite memory and [Dai and Yang, 2014] in the case of finite
memory).

In these papers the authors prove exponential stability results if the
(constant) coefficient of the delay damping is sufficiently small. These
stability results can be easily extended to a variable coefficient

b(-) € L>=(0,+00) under a suitable smallness assumption on the L —
norm of b(-).



Previous literature

Stability results for second—order evolution equations with intermittent
damping are first studied by [Haraux, Martinez and Vancostenoble, 2005]
without any time delay term. They consider a problem with intermittent
on—off or with positive-negative damping, and show that, under
appropriate conditions, the good behavior of the system in the time
intervals where only the standard dissipation, i.e. the damping with the
right sign, is present prevails over the bad behavior where the damping is
no present or it is present with the wrong sign, i.e. as anti-damping.
Thus, asymptotic/exponential stability results are obtained.

Recently [Nicaise and P., 2012 & 2014] considered second—order evolution
equations with intermittent delay feedback. More precisely, in the studied
models, when the (destabilizing) delay term is no present, a not—delayed
damping acts. Under suitable assumptions, stability results are obtained
(see also [Fragnelli and P., 2015] for a nonlinear extension/improvement).

Here, the good behavior in the time intervals where the delay feedback is
no present is ensured by a viscoelastic damping.



Well-posedness

For the existence result let us consider the problem

upe(x,t) + Au(x,t) — /000 w(s)Au(z,t — s)ds = f(t) t>0,

u(z,t) =0 on 90 x (0,400), (P2)
u(xz,t) = up(z,t) in Qx (—o0,0].

By using the variable n(z, s) := u(z,t) — u(z,t — s), problem (P2) may
be rewritten as



Well-posedness

up(z,t) = —(1 — ) Au(z, t) — / p(s)An'(z, s)ds
0
+f(t) in Qx (0,+00)
ni(z,s) = —ni(z,s) + u(x,t)  in Q x (0,+00) x (0, +00), (P2)
u(z,t) =0 on 90 x (0, +00)
n'(z,8) =0 in 9Q x (0,400), t >0,
w(z,0) =up(x) and wus(z,0) =wuy(z) in Q,
1z, 5) = oz, ) i 9 x (0, +00),
where
uo(z) = uo(x,0), x€Q,
up(x) = %(w,tﬂt:o, x €,
no(z,s) = ug(x,0) —ug(z,—s), z€Q, s (0,400).



Well-posedness

Set L7 ((0,00); V) the Hilbert space of V' — valued functions on (0, 4-c0),
endowed with the inner product

()3 0oon) = | 1AM p(5), AV20()ds.
Jo
Denote by # the Hilbert space

H=VxHx Li(((),oo); V),

equipped with the inner product

—
g e e
g =

> = (1 - ﬂ)(Al/zuv A1/2’&>H + (U’6>H
H

—|—/ 1(s)(AY 2w, AY %) yds
0



Well-posedness

Let us recall the following well-posedness result (see [Giorgi, Mufioz
Rivera and Pata, 2001]).

Definition.

Set I =[0,7], for T >0, and let f € L*(I, H). A function
U := (u,ut,n) € H is a solution of problem (P2) in the interval I, with
initial data U(0) = Uy = (ug,u1,m0) € H, provided

(g, ) = —(1 — ) (AY?u, AY?0) g

— [ A (s), A0 s+ (s

| )+ 0:09), i)y = [ ), i)
0 JO

forall 5 € V and 7j € LZ(R*,D(A)), and a.e. t € I.

26
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Well-posedness

THEOREM [Giorgi, Mun&z Rivera & Pata, 2001]

For given T" > 0, problem (152) has a unique solution U in the time
interval I = [0, T], with initial datum Uj.

Under the above assumptions, we obtain the following result

THEOREM [P. 2015]

Under the above assumptions, for any Uy € H, the system (P) has a
unique solution U € C([0,00); H).



Well-posedness

Proof.

We prove the existence and uniqueness result on the interval [0, t5]; then
the global result follows by translation.

First, in the interval [0, 1], since b(t) =0V t € [0,t1), we can apply the
theorem of [Giorgi, Mundz Rivera & Pata, 2001] with f = 0. Then we
obtain a solution U, in the sense of previous definition, on the interval
[0,¢1].

The situation is more delicate in the time interval [t1,t2] where the delay
feedback is present. In this case, we decompose the interval [t1, 2] into
the successive intervals [t; + j7,t1 + (j + 1)7), for j =0,...,N — 1,
where N is such that ¢; + (IV + 1)7 > to. The last interval is then

[tl + J\/v’l'7 tz] .



Well-posedness

Now, look at the problem on the interval [t1,¢; + 7]. Here u:(t — 7) can
be considered as a known function. Indeed, for ¢t € [¢t1,t1 + 7], then

t —7 € [0,¢1], and we know the solution U on [0,%;] by the first step.
Thus, problem (P) may be rewritten on [t1,t; + 7] as

uge(z,t) + Aulx, t) — /OO w(s)Au(z,t — s)ds = f1(t) t € [t1,t1 + 7],
0

u(z,t) =0 on 0N X [ty,t1 + 7],
u(z,t) = u(z,t) in Qx (—oo,ty];

where f1(t) = b(t)u,(t — 7) the initial datum is u(z,t) = ug(z,t) in

Q x (—00,0] and uj(z,t) = u(z,t) in Q x [0,¢].

Then we can apply once more the theorem of [Giorgi, Mundz Rivera &
Pata, 2001] obtaining a unique solution U on [0,t; + 7). Proceedings
analogously in the successive time intervals [t1 + j7,t1 + (§ + 1)7), we
obtain a solution on [0, ¢2] . O



Stability result

By using the variable
z(x, p,t) == w(z, t —71p), €, pe(0,1), t>0.

and the variable 7%, we can rewrite problem (P) as

U (2, t) = —(1 — p)Au(a, t) — [ pu(s)Ant(z, s)ds
b( )z(z,1,t) in Q x (0, +00)
ni(z,s) = —nt(x,s) +u(z,t) in Qx (0,400) x (0,+00),
Tz(x, p,t) + 2p(z, p,t) =0 in Q x (0,1) x (0, +00),
u(z,t) =0 on 90 x (0, +00)
n(z,s) =0 in 9Q x (0,+00), t >0,
2(x,0,t) = ue(x,t) in Q x (0, +00),
u(z,0) = uo(x) and w(x,0) =wui(x) in Q,
n°(x,s) =no(z,s) in Q x (0,+00),
2(x,p,0) = 2%z, —7p) 2€Q, pe(0,1),



Stability result

where
uo(x) = up(x,0), x€Q,
up(x) = 6—7?(:17,75)\15:0, x €€,
no(x,s) = uo(z,0) —ug(z, —s), x€Q, se(0,+00),
20z, 5) = %(m,s), x €, se(—71,0).

Let us now introduce the energy functional:

B(t) = B 1) = gl + 52 ()}

2

—T

Then,

B() = Bs()+3 [ s+ nllu)lBrds,

where Fg(-) denotes the standard energy for wave equation with
viscoelastic damping.

1 +oo 1 t
g [ A @ s+ 5 [ bl ) s,
t
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Stability result

Let us now recall the following result.

THEOREM [Giorgi, Mundz Rivera & Pata 2001, Pata 2009]

Assume b = 0. Then, for every solution of problem (P), the energy Eg(-)
is not increasing and

1 (o]
By <5 [ WA ) s,

Moreover, there are two positive constant C,«, C > 1, > 0, depending
only on £ and on the memory kernel u(-), such that for every solution of
problem (P) it results

Es(t) < C(iiatEg(O).



Stability result

Now, let T be the time such that

1
TO = —lnC’,
«Q

that is the time for which Ce 27 = 1.
As an immediate application we have the following result.

PROPOSITION
Assume Ty,, > Ty . Then, there exists a constant ¢,, € (0, 1) such that

ES(t2n+1) S CTLES(tQTL) . (O)
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Stability result

On the bad interval we have the following estimate.

PROPOSITION
Assume 15, > 7, V' n € IN. Then,

E'(t) <bopsrllue@®)3, t € Iopt1 = [tant1, t2ns2], Y0 € IN. (B)

By using these estimates on the bad and good intervals we obtain our
stability result.
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Asymptotic stability

THEOREM [P., 2015]

Assume 15, > 7 and Ty, > Tp, for all n € IN, where Tj is the time
defined before. Then, if

Zln [e2b2n+1T2n+1 (Cn +T2n+1b2n+1)} = —00, (*)

n=0

the system (P) is asymptotically stable, that is any solution u of (P)
satisfies Eg(u,t) — 0 for t — 400.
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Asymptotic stability

Proof.
Note that (B) implies
E'(t) < 2boy41E(t), t € Iopt1 = [tan+t1,tant2), n € IN.

Then we have

E(f’2n,+2) < 62b2n+1T2n+1E(t271,+1)7 VnelN (El)

From the definition of the energy F,

1 [tent1
E(t2n+1) = Bs(tans1) + */ (s + 7)l[ue(s) [ ds -
t

2 2n+1—T

Note that, for t € [tant1 — T, tant1), then
t+7 € [tant1,tans1 +7) C long1 U Iopg2 . Now, if t 4+ 7 € Io,4 2, then
b(t + 7) = 0. Otherwise, if t + 7 € Io,11, then |b(t + 7)| < bapy1 -
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Asymptotic stability

Then, we deduce

min(tent2—7,t2n41)

1
Bltans1) = Bstanss) + ghnss [ Jus) 3y s,

ton41—T

since if to,, 11 > topto — 7, then b(t) = 0 for all

t € [tang2,tant1 +7) C [t2ny2, tonys).
Then, since the energy Eg(-) is decreasing in the intervals I,

E(tont1) < Es(tont1) + Tont1boni1Es(tont1 — 7)
< Es(tons1) + Tont1bony1Es(ton) (E2).

Using (E2) in (E1), we deduce

ES(tQ'th‘Z) < E(t271+2) <e 2hant1Tont1 (C + TQ’H“le’H‘l)Eb (2‘2”) Vne IN’

where we have used once more the observability estimate (O).
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Asymptotic stability

Iterating this procedure we arrive at

Es(tony2) < I_qe®®r 17205 (¢ + Ty 1bop 1) Es(0), ¥V n €N,

Then, we have asymptotic stability if

2bop 1 T
I)_ge="2»+1 41 (e, + Topp1bopy1) — 0,  for n — oo,

or equivalently

In HZZOS%%HTZPH (cp + T2p+1b2p+1):| — —o0, forn — .

This concludes the proof.

45



Asymptotic stability

REMARK

Clearly (x) is verified if the following conditions are satisfied:

& oo
Z ban+1T2n+1 < +0o  and Z In(c, + bopi1Tont1) = —00,

n=0 n=0
and therefore if
0 oo
Z bont1Ton41 < +00  and Zln Cp = —00.
n=0 n=0

In particular, from (%) we have stability e.g. when b € L'(0, 4+00) and
when the length of the good intervals I, is greater then a fixed time T,
T > Ty and T > 1, namely

TQnZT, VnelN.

Indeed, in this case there exists ¢ € (0,1) such that 0 < ¢, < ¢.
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Exponential stability

We now show that under additional assumptions on the coefficients
T, ban+1,cn an exponential stability result holds.

THEOREM [P., 2015]
Assume
Ty, =T* VnelN,

with T* > 7 and T* > Tj, where the time T} is as before. Assume also
that
T2n+1:T vV neN.

Moreover, assume that

sup e2b2"+1f(c + bop1T) =d < 1,
nelN

where ¢ = ¢,, n € IN, is as in (O). Then, there exist two positive
constants +, 8 such that

Es(t) < ve P'Eg(0), t>0,

for any solution of problem (P).



Finite memory

REMARK

Analogous result could be obtained for the case of finite memory, namely
if system (P) is replaced by

uge(x,t) + Au(x,t) — /t u(s)Au(z,t — s)ds + b(t)uy(z,t —7) =0 t >0,
u(z,t) =0 on OS2 ><0(O, +00),
u(z,t) = up(z,t), ui(z,t) =ui(z)(in €

with memory kernel 1(-) and delay coefficient b(t) satisfying the same
assumptions that before.

Indeed, also for such a problem it is well-known that an exponential
decay estimate holds on the time intervals where the delay feedback is
null (see e.g. [Alabau—Boussouira, Cannarsa and Sforza, 2008]).
Therefore, in such intervals an observability type estimate like (O) is
available if the length of the intervals is sufficiently large.



Stability under the restriction 75,1 < 7

Now, assume that the length of the delay intervals is lower than the time
delay, that is
T2n+l S T, Vn € IN.

This allows to work directly with the standard energy Eg(-).
PROPOSITION
Assume 15,41 < 7 and Ty, > 7. Then, for t € Ip, 11,

E5(t) < bont1Es(t) 4+ bont1Es(tan) -
Proof: By differentiating Es(t) we get
Eg(t) < b(t)(ue(t), we(t — 7)) m -
Hence,

b2n+1
2

Now, to conclude it suffices to observe that since T5,4+1 < 7 and

Ty, > 7, then for t € Iy, 41 itist — 7 € Iy,. Then, since Eg(-) is

decreasing in I, , the estimate in the statement is proved. O

ban
E5(t) < 225 g (O} + 2255 g (t—1) [y < o1 Bs(t)+bans1 Bs(t—7)



Stability under the restriction 75,1 < 7

THEOREM [P., 2015]
Assume To,+1 <7 and To, > 7,V n € IN. Then, if

(o]
Z In [6b2n+1T2n+1 (Cn 41— e*b2n+1T2n+1)] =—00, (**)

n=0

the system (P) is asymptotically stable, that is any solution u of (P)
satisfies Fg(u,t) — 0 for t — +o00.
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e Note that, in case of bad intervals I, 1 with length lower or equal
than the time delay 7, the assumption (xx) is a bit less restrictive than

(%)-

Indeed, since by 11To,41 > 0, it results
bant1Ton —boni1Ton 22 41T
ezt (¢ p]—e V2l indl) ettt (¢ 4 hop 1T 1), VR € IN.

For instance if bo, 1T, 1 = 1/4 and ¢,, = e~ '/2 — 1/4 for every n € N,
then
62b2n+1T2n+1(cn + an+1T2n+1) =1, VnelN,

and
ehontilonin(e, 1 — ettty = g € (0,1), VnelN.
Therefore (x) does not hold while () is clearly satisfied.

e Also in this case, under additional assumptions on the coefficients
T, ban+1,cn an exponential stability result holds.



Thank you for your attention!



