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To start

min 2 [ |y — 2P de + 5 [ |uf? dt
subject to

%Y(t) = Ay(t) + Bu(t) for t > 0
y(0) = yo

u(t)e U

where T € (0, 00], a > 0.

Motivation: LQR, LQG, differentiability,...

Fact: Extra regularity: au*(t) = Py(p(t))
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Short computations

1 1
min§|ufz|2+%\u|2 mlni\u—z\2+8|u|
) =11, v(z)={ z—Bifz>8
z+pifz< -4
in HJu— 22 + BluP min 3 u = 22 + 5 af? + Bl
min §|ufz\ + Blu| 5 5
w0 iflzl<v2p 0 iflz] < 2(1+a)B
ORE N R < vt e)

e if |z| > /2(14 a)B



Motivation for sparsity constraints

» Proportionality
» Eliminate 'small’ controls
» Optimal actuator placement

v

Inverse source problems



Motivation for sparsity constraints

» Optimization of light source locations
in diffusive optical tomography

» Goal: Homogeneous illumination
(application in photochemotherapy)

» Standard approach (discrete):
combinatorial explosion with DOFs

» Here: Consider fictitious distributed
“control field”, apply sparse control
techniques
~ localization of sources

=V - (kVy)+uy = uxe, inQ
kv - Vy+ py =0 on 09

diffusive approximation of radiative transfer to model steady state light propagation

in scattered media, Brunner-Clason-Freiberger-Scharfetter



"Table of contents’

» Optimal Control with Sparsity Constraints for Elliptic Equations

> Numerical Treatment ( Semi-smooth Newton Method )

» Directional Sparsity ( Inverse Source Problem: Wave Equations )
» Frequency-sparse Optimal Control for a Quantum Control Problem
» Switching Control

» Multi-Bang Control



Optimal control with sparsity constraints for elliptic
equations

nzl'?Q J(u) = *||)’ z||faq) + allull o)
subjectto Ay = wu inQ
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No guaranteed existence! Remedy: control constraints or measures



Optimal control
equations

with sparsity constraints for elliptic

nzl'?ﬂ J(u) = *||)’ z||faq) + allull o)
subjectto Ay = wu inQ
y = 0 ondQ

No guaranteed existence! Remedy: control constraints or measures

min  J(u)==|ly — z + al|lu
min J(u) = 5y = 2l + alulain)
subjectto Ay = u inQ
y = 0 ondQ



Analysis of the state equation

Theorem

For any u € M(Q) and q € (0, -5)

Ay =u, inQ,
y=0, ondQ,

has a unique solution y € Wy (Q):

Iyl oy < Clullamc)-

Recall Wol’q/(Q) C Go(Q) where ¢’ = P



Existence

Proposition (existence)

1
§| - ZHLz(Q) + allullm
= in Q,
on 09,
has a unique minimizer u*.

1
E(U7y,P)=§||y 2|30 + allullme@) — (P Ay — U) ). m@)

Theorem (necessary optimality)

, inQ, y*=0, ondQ,

A'p* =y* — 2z, inQ, p"=0, ondQ,



Necessary optimality

v L

a |y

1
L(u,y,p) = Sy = 2llj2) + 04/Q llulldx — (p, Ay — u) (@), rm(@)
1 * * * * 1 *
——p* €0p(u”) & u* € 00 (——p")
(0% (0%
Theorem (necessary optimality)
Ay* = u*, inQ, y*=0, ondQ,
A*p* = y* — z, inQ, p*=0, ondQ,
(WP —PIac <0, p € Co(Q) with [pllg @ < o

”p* HCo(Q) <a



(U, p" = p)m,c <0, p € C(Q) with |p|cq) < a.
Ip*|c@) < a,

"p* = Projc(—u")" where C = {p: |p(x)| < a}

Jordan decomposition v* = u} — u*,

supp(u}) C {x € Q: p*(x) = —a},
supp(u”) C {x € Q: p"(x) = +a}.
Corollary
3n > 0 such thatsupp 7 € {x € Q|dist(x, Q) > n}
dist(supp (u7), supp (uZ)) > n.
Theorem
Ifz € L7(Q2)and Q = Q. = Qo, then||y™||1~(q) < [|z]lL=(@)
and ||u*||p-10) < IVY ™[l 2(0)-

cf. Pieper-Vexler



(u*,p* = P)m,c <0, p € C(Q) with |p|c) < a.
IP*lc@) < @,

"p* = Projc(—u*)" where C = {p: |p(x)| < a}

*

Jordan decomposition v* = v} — u*,

supp(uy) C {x € Q: p*(x) = —a},
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(u*,p* = P)m,c <0, p € C(Q) with |p|c) < a.
IP*|c@) < a,
"p* = Projc(—u")" where C = {p: |p(x)| < a}

*

Jordan decomposition v* = v} — u*,

supp(uy) C {x € Q: p*(x) = —a},
supp(u®) C {x € Q: p*(x) = +a}.

formal:
u* + max(0, —u* + c(p* — «)) + min(0, —u* + c(p* + ) =0

for any ¢ > 0.



Semi-smooth Newton method

Definition
F:D cC X — Z is called Newton differentiable in U C D, if there exist
G:U— L(X,2):

(A) limnso IF(x + h) — F(x) — G(x + h)h||z = 0, for all x € U.

thl

Example
F:LP(Q) — L9(Q),

F(¢) = max(0, ), g < p is Newton differentiable and

5 if o(x)

1 ife(x)>0
Gmax()(x) = ¢ 0 if o(x) <0
=0, € R arbitrary.



Semi-smooth Newton method

Theorem

Let F(x*) =0, F Newton differentiable in U(x*), and
{IIG(x)" | £(x,2) : x € U(x*)} bounded.

Then the Newton iteration converges locally superlinearly.



Semi-smooth Newton method

Theorem
Let F(x*) =0, F Newton differentiable in U(x*), and
{IIG(x)" | £(x,2) : x € U(x*)} bounded.

Then the Newton iteration converges locally superlinearly.

Remark: Rate of convergence, calculus for semi-smoothness

Ref.: Hintermiiller-lto-K, Chen-Nashed, Kummer, M. Ulbrich.



Nonlinear equation

F(uh7.yhapn) =0 —
Apyn — up =0
Appn—(y —2) =0

up + max(0, —up + pp — &) + min(0, —up + pr+ @) =0

Solve by semi-smooth Newton method

Remark: Convergence rate estimates for FE-discretizations,
[unllag — [[u*]| m



Example: geometry
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Example: a = 107!




Example: v = 107*

1.67
=1.60

0.800
0.400

0.00

-0.378



Comparison of L?(1, M(Q.)) and M(Q,, L*(1))

L2 (1, M(Qc)) M(Qc, L2(1))
» Time-dependent measure: » Time-independent measure:
U(t) € M(Qc)a u= U/(X, t) : |U|, |u| € M(Qc)+a
ae tel u € LX(Q, ul, L3(1))
» Typical element: » Typical element:

N

u(t) = D ui(£)d o u(t) =3 ui(t)s.,

i=1




Optimal control of wave equation with sparsity constraints

» Simple model for seismic events:

u(t) = | > ui(t), (PS)

» Approximation of seismic waves by acoustic waves
Oy — Ay =u inlxQ + B.C. +I.C. (WE)

» Aim: Reconstruction of (PS) from M (noisy) mean values

0= [,
o= g

on spatial patches P; C Q

» Direct optimization of N, x; and u;:

D0 oM 2/\/] Z 10y = zill 7oy + @ Y uiliey st (WE)
j=1,...M i=1,...,N

= non-convex problem = convex "relaxation”



Convex problem

. 1
L min_ J(,y) = 5y = 2l + allulur (P)

s.t.
Oy —Ay=u in Q=1x9Q,

y=0 onlx9Q, (SE)
y=0,0;y =0 in {0} x Q.
with M7 = L2(1, M(.)), or M1 = M(Qc, L2(1)).

» Measures on the compact control set Q. C Q: M(Q.) with total
variation norm |[ul| p(a,)

» Bochner space: L2(1, M(€.)) with norm

1/2
lullezg i = (Jo 1u(O]Bye, )

> L[2(/)-valued measures: M(Q,, L?(1)), total variation norm

HUHM(QC,LQ(I))



Well posedness of the state equation

Theorem
Let QCRY, d =1,2,3 and u € L2(I, M(Q.)). Then there exits a

unique very weak solution
yeY =C(I,H 4> 1==(Q))ncY(I, H9/>7¢(Q))
of the state equation for any € > 0 which satisfies

Iylly < cllullzgm.)

> L2(1, M(Q)) < L2(I,H=£75(Q)) for d = 1,2, 3 = Existence,
uniqueness and regularity follows by classical arguments.

» However: y € L2(] x Q) and p € L%(/,C(2.)) only for d =1
guaranteed = Well-posedness and optimality conditions

» Sharpness?: Yes for d =1

> U= Jt? y with moving jump discontinuity in space =
y & C(I,H'2(Q))



Improved regularity for u € M(Qc, L*(1))

Theorem

Let Q. be compact and u € M(SQ¢, L?(1)). Then the solution of the
state equation satisfies

ye Y = C(I_7 [H(%(Q) L2(Q)]9d) n Cl(l_v [L2(Q)7 Hil(Q)]Od)
with 04 = (d — 1)/2 and

Iylly < cllullm@e.zay)-

» Here: y € L2(/ x Q) and p € C(Q, L%(1)) for d = 1,2, 3 guaranteed
= Well-posedness and optimality conditions



Improved regularity for u € M(Q,, L?(1)), continued

Theorem
Let Q. be compact and u € M(Q., L%(1)), yo € H} (), y1 € L3(R).
Then the solution of the state equation satisfies

y € C(I.[Ho(Q). L(Q)]s,) N CH(T, [L2(Q), H=H(Q)]s,)

with 64 = (d — 1)/2.
Idea behind the proof:
> Sy L2(1) — L2(1,[H3(Q), L2(2)]s,), h— y bounded!, y solution of
(SE) for u = héd,, xo € Q.
» Duality: 55 : L2(1,[L2(Q), H 1 ()]e,) — L2(1), ¢ — p(t,x0)
bounded, p solution of (AE) for a source term ¢
» Compactness of Qc: S*: L2(1,[L%(Q), H1(Q)]s,) — C(Qe, L2(1)),
¢ — p bounded
» Duality: S: M(Qc, L2(1)) — L2(1,[H} (), L2(Q)]a,), urs y
bounded

IR. Triggiani, Regularity with interior point control. Part 1: Wave and
Euler-Bernoulli equations



First order optimality conditions

» Optimality condition: u* is an optimal control iff
—p* = d(allu*]rmr)
» Adjoint state: p* € *(M7) solves

8ttp*—Ap*:y*—Z in Q x|/
p*=0 on 0Q x | (AE)
p =0, Op*=0 on {T}xQ



Structural properties of the optimal control
M = L2(1, M()):
» Time-dependent support of :
supp(u*)i(t) C{xeQc|p*(x,t) = :F”p*(t)Hc(Qc)} ae. tel

M = M(Q., L2(1)):
» Optimal Radon-Nikodym derivative: u*'(t,x) = —1p*(t,x)
» Time-independent support of the total variation measure |u*|:

supp |u"] € {x € Q| 1" ()l 2y = ).

e

R o




Solution of the inverse source problem

» Point sources static = M7 = M(Q, L%(]))
» Optimization problem:

1
i 2 10pSu-zlEy tolulva. e st (SE)

min ,
Qc,12(1
ueM (S, L2(1) =M

» Avoid reflections on the boundary of Q = (approximative) absorbing
boundary conditions

» Artificial data: z; = O;Su + n; (n; noise), uf exact source



Exact state, exact intensity and noisy measurements

0 0.5 1 1.25

t

(a) Exact state (b) Exact Intensity
0.2
o [S—
—0.2 |- -
! !
0 0.5 1 1.25

(c) Measurements



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Reconstructions

Exact (0.4,0.55)
Reconstructed | (0.39,0.547)
(a) |d| on Q (b) Positions

(c) Reconstructed intensity (d) Exact intensity



Adjoint state and its L2(/)-norm

(a) Optimal adjoint state p (b) 1Pl 2¢s) on Q

Remark: time reversal
Remark: difference to parabolic case.
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Prototype problem: chemical reaction dynamics

» multilevel Born—Oppenheimer

approximation
nuclei  electrons

2
V(R,x,t) ~ Zd]j(Ra t) ¢JR(X)
=1

> electric field v(t): [0, T] = R

reaction coordinate

System of Schrodinger equations on 2 potential energy surfaces

. 1/)1(1“) —iA+ Vi 0 H1i1 H12 1/11(1“)
0 = [ 2 t }

o <¢2(t) 0 —IA+V, +v(t) Mot 22 Pa(t)
control mechanisms

» movement on surface

> transitions between surfaces through Bohr frequencies



Optimal quantum control

motivation of optimal control

» constructive, applicable to complex systems
Traditional optimal control formulation (Pierce/Daleh/Rabitz ‘88)

physically relevant mathematical tool
L1 «
MITZJITIZE > (W(T),0%(T)) +§ ||v|\f2(07T) or HI(0,T)

i0¢p = (Ho + v(t)H1)v, (0) = to

Ho, Hi, O selfadj. op.; v: [0, T] — R control field

Why use a different approach?



Problems with traditional optimal quantum control

L2(0,T)
time requency
Hi(0, T)
tme Trequency
time frequency

» fail to capture Bohr frequencies

» have nonsparse frequency structure

frequency of transition between two quantum states (is eigenvalue difference.)



Ansatz by experimentalists

ansatz for control field,
low dimensional parametrization

K

v(t) = Z by (t) cos(wyt)

k=1

Auger, Ben, Yedder, Cances, LeBris et al '02;

time

Turinici et al. ‘04; Sharma et al '10; Ruetzel et al
‘11
» results in pysically intuitive controls

» but: not flexible, a priori knowledge necessary
our goal
» obtain experimentalists controls using optimal control theory



Our approach

time I

> time-frequency control (quantum physics)
V(t) = (Bu)() = Re / u(w, )€t du
Q
» sparsity enhancing costs
ooy = | e Mgory e

physically intuitive fields v «— sparse controls u

v(t) = Z b (t) cos(wit) «— u(w, t) Z‘ka (w)bk(t)



General framework

Optimal control problem in M(Q; 1)

o1
Minimize - (u(T), O(T)) + allull ey
i0vp(t) = [Ho + (Bu)(t)Hi] (1),  ¥(0) = o
» (2 sparsity domain ~~ sparse in frequency

» U/ Hilbert space ~» smooth in time
» B control operator ~» assembles field



Examples
Q = [Wmin,wmax] C R, (Bu)(t) = Re [ u(w, t)e’t dw (2-scale synth)

1. simplest case:
U = H}(0, T;C)

2. deconvolution space:
U=Us =
{be [20,T)|(Gx)Y?bel?}

with G Gaussian kernel




Numerical results

M(Q; Hg)

M(Q;Ue)

20.7) Mg

time frequency

time frequency time-frequency




Switching control

(67

1 , L
samin Sl = 2l s + 5 /0 i

s.t. Oy + Ay = Bu,  y(0) = yo,

where

N
(Bu)(t,x) = Y X, (x)ui(t),
i=1

WHAT ISIT?  WHY ?



Switching control

(67

1 , L
samin Sl = 2l s + 5 /0 i

s.t. Oy + Ay = Bu,  y(0) = yo,

where

N
(Bu)(t,x) = Y X, (x)ui(t),
i=1

WHAT ISIT?  WHY ?

N
« «
giRY SR g(v)= St =5 DR
i=1

N
(0%
g(v) = 5IvE+a) vl



Switching control: competitive Lotka-Volterra equation

100
. [0
min / —(0’1C1N1U1 + 02C2N2U2) dt + EHUH%Q(O,T) + O‘HUIU2HL1(O,T)
0

s.t. the competitive Lotka—Volterra equation with two species on
t € I =(0,100)

. Ny + di N,
Nl_clNl(lmm),
ki
. No + do .
N2:C2/\12(].—2_|;<21—U2>7
2



Switching control: competitive Lotka-Volterra equation

100
. [0
min / —(0’1C1N1U1 + 02C2N2U2) dt + EHUH%Q(O,T) + O‘HUIU2HL1(O,T)
0

s.t. the competitive Lotka—Volterra equation with two species on
t € I =(0,100)

. Ny + di N,
N1:C1N1 (1112U1> s
ki
. Ny + do N
N2:C2N2 (1—221—U2> ’
ko
Ni1/N>:  number of prey/predators N;(0) = 2000, N»(0) = 10
¢ >0 birth rates aa=c=0.1
d; interaction rates di =2, d=-01
ki carrying capacities of the habitat  k; = 1000, k» = 100
u; harvesting rates

o prices o1 =10, 0> =100



Switching control: competitive Lotka-Volterra equation

» 300 dof per control function,

» globalization by trust-region (TR-SN)

0.25 ‘ ‘ 0.4
— u(t)
0.2 I 03] |
0.15 0.2 —
0.1 0.1
.10-2 0 L
5-10 0 20 40 60 80 100

| | | |
0 20 40 60 80 100
(c) o2 = 100 (d) o2 = 100(1 + sin(t/10))

Figure: Optimal controls for different prices o».



Structure of optimality condition

N
. N X2 @ 2
g:RY =R, g(V)=§|V|1:§(Z|Vi|) :
i=1
Proposition
The minimizer u* € L2(0, T;RN) and the adjoint p € L2(0, T;RN)
—0p+Ap = y*—z in(0,T)xQ,
p = 0 on (0, T) x 0%,
p(x, T) = 0 in Q.
satisfy for almost every t € (0, T) and1 < j < N
{&p(0)} if |pi(t)] = max; [pi(t)| and [p;(t)| > [pi(t)], i #J,
ui(t) € § {0} if |pi(t)] < max; |pi(t)],

{Zp(0) 5 >0, S0 s =1} iflp(e)l = maxi [pi(e)] and |pi(0)] = |pi(0)], 7 # ).



Perfect switching

S:={t (0, T): [pa(t)] = |p(t)] = max|p;()] for ji # f2},

meas (S) = 0 implies perfect switching



Perfect switching

S:={t (0, T): [pa(t)] = |p(t)] = max|p;()] for ji # f2},

meas (S) = 0 implies perfect switching

Remark (some difficulties:)
> characterize dg(v) = O(2|v|5 + a SN |vivj|) and/or its conjugate
i<j
> regularize

Remark

* 3k

g(v) =g

where

o 2lv|2  if viva =0,
gOO(V) = *|V|§ + 6{V:V1V2:0}(V) =97 2
2 00 else,



Switching control: heat equation in 2D

Q
IR
Il N
1 wb ‘I@
1 obs I
2)

Figure: Problem setting for N = 7 control components

N
t
Zdes = Zlcos(i + t)sin? (27r7) Ix — x|
1=
Discretization:
» linear FE in space, cG(1) Petrov-Galerkin method in time
» 200 degrees of freedom per control component



Optimal controls for o = 107!

0.5

—0.5

/
! \_.J( -
0 2 4 § 10

—-10

1072
, T T ]
/—'\.//
/
4
L(1 Uz‘ U4‘ Us Up (U7

0 2 4 6 8 10

(b)y N=7



Alternatives for mixed continuous-discrete decision
processes

LP and ¢P functionals, with p € [0, 1)

NOT CONVEX .

<o={ S0 & %W

1ifx#£0 ‘ b




Alternatives for mixed continuous-discrete decision
processes

LP and ¢P functionals, with p € [0, 1)

NOT CONVEX L
p— f 0ifx=0 -
XTT 1ifx#£0 | bl

No topological tools to argue existence, compare ¢P



Convex relaxation

2 0
g(v) = 5|v]* + Blv]|
av)
u
$vi+V2aBlv| ifveqQ,
g7 (v) = %v22+\/20¢7,8|v1\ ifveQs,
SR+ +B ifveq,

W (r)

e

@

Q

o

@

Q

(e




Multi-bang control

d
o1 9 o 5 0
— — + — —+ |I — Uu; d.
u','}? 2”)/ z[|7 QHUHL2 ﬁ/ﬂ;—lw(X) ul e

s.t. Ay = u, v < u(x) < ug, forae xe€Q.

Convexify

min Z|ly — z||7> + G**(v)
uy 2

s.t. Ay = u, u < u(x) < uy, forae xe.



Multi-bang control

Proposition (Generalized bang-bang)

The multi-bang problem admits a solution u*. If % > %(u,url — u;) for
alli=1,...d, then

d
Q= J{xeQ: v (x)=ulU{xeQ:y*(x) = z(x)}.

i=1

u*(x) = uj if $(uj—1 + u;) < p*(x) < §(uj + vit1)

Proposition (Estimate the duality gap)

() < J(u) + B meas (C(p*))



Multi-bang control

T
i

pT—

Figure: Effect of «, 8 on the structure of the control u, left:
a=510"%8=1073, right: « =103, g =103,



Conclusions and perspectives

» Convex analysis techniques are a powerful tool for nonstandard cost
functionals

» Necessary optimality conditions can be solved efficiently

» Improved analysis on duality gaps

v

Applications

v

( Choice of a )



Some contributers

Hante - Sager (relaxation technique with rounding strategy)
Herzog

Leugering

Seidman

Stadler

D. Wachsmuth

G. Wachsmuth

Zuazua (controlability)

vV V. vV vV vV v Vv .Y



Thank You
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