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Brief Summary of Results

» The elastic wave equation in a half space has
> Body waves : P, SV, SH waves ,

> Surface wave : Rayleigh wave .

» Any solution of (L — A)u=0 in the Agmon-
Hormander space behaves like
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For the comparison, consider the
wave equation in a stratified media

( —c(x)?A — )s)fu. =0, in R’

Cy, Tq > 0
c(x) = {
c_, x3 <.




Then, the solution of the reduced
wave equation in B*{¥ast} behaves |

eiﬁ?‘/c+

u(x) = x+(x3) . a4(w)

eil\/xr/c_

+X—(T3) r {}5_(@‘)5 w::r./-r

» |t is known that there exists an evanescent wave, which
lives only near the interface ${x_3=0}S.

» However, as can be seen above, it cannot be observed
in the topology of SB"{Yast}S.

» So, in the case of the elastic equation, the appearance
of the Rayleigh wave is not obvious.
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Basic issue in the
stationary scattering
theory for PDE

Construct the Fourier transfo

Describe the set of solutions
(L —A)u = 0in terms of the
Fourier transform

Expand the resolvent R (4 + iC
of L at|x| >

Expand the solutions to
(L —ADu=0at |x|] >



tivation

Helmholtz
eguation

Agmon
&
Hormander

1976

Let A > 0. Suppose that u satisfies the He
—Au =Au InR™

Then u satisfies

1
sup—f lu(x)|?dx <
R>1 R Jjx<r

if and only if u is written as u(x) = j eiVAwx
gn—1

for some A € L?(S™1). Moreover,

u(x) ei\/Ir
=~ C(D) == AB) +C(D)
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1
lim — lu(x) — v(x)|?dx = 0

R=00 K J\x|<R




tivation
2-body
Schrddinger
Operator

Yafaev
1991

Let A > 0. Suppose that u satisfies the 2-b
Schrodinger equation

(—A + V(x))u =Au In|l
Then u satisfies

1
sup — f lu(x)|?dx < o
rR>1 R J|x|<r

if and only if u is written as u(x) = F (Do

for some ¢ € L?>(S™ 1), where F(X) is the Fourie
associated with the 2-body Schrodinger operator.
iﬁr —L\/_r

u(x) = CA)- T 0+(0) + -

r 2 r 2

—¢_(0)

= |x
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and ¢ are related as follows:

Py = S@)]‘P—a Jp)(w) = p(—w

S(A) is the scatteri
Py



tivation
3-body
Schrodinger
Operator

Isozaki
2001

Let 1 € g,.,,:(H) \ T'. Suppose that u satisfies
the 3-body Schrodinger equation

Hu = Au.
Then u € B* ifand only if u is writtenas u(x) = FT(
for some ¢ € L*(S®) @D, L*(S?),

where F(4) is the Fourier transform associated with
the 3-body Schrodinger operator. Moreover,

ei\/ir (+) e_i\/ir (_
u(x) = CQA)——=¢, (0) + C(A) —=— ¢,
r2 r2
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Can(D)—— Pan(Wg) ® @
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and @ = (¢éi),¢éﬁ), ---)are related as follows:

et =SW)Je~

where S(1) is the scattering ma



Here, we are using the
following coordinate system

The configuration space of 3 particles 2 € R, i =1,2,3,
with center of mass removed:

{(zM, 23 2O ZT?’?T =0} ~ RS,

For a pair a = (a 7), we put

70 =0 g0 e 2],
k) T 2@ o 20)
Tq =\ — . T = |xql,
MMy =+ 1M
Wa = Tq/Ta-

e



smic Wave

Elastic

Elastic Wave Equation
—(cp? — ¢ V(V - u) — cg?Au =

P-wave velocity S-wave velocity



Similarity to the 3-body Schrodinger Operator

u(x) ~?as x| > oo

P-wave S-wave
3-cluster
scattering Bo dy wave ~
2-cluster eii\/zr*
scattering Rayleigh surface wave ~ 7
*

The solution to the stationary elastic wave equation possesses

anisotropy

in its spatial asymptotic.



Reflection of P waves at the surface

P wave is oscillating along the direction of propagation.
S wave is oscillating vertically to the direction of propagatio

Free Burface

x¥
>

Heflected P wave

Tncident P wawve

N €

Eeflected BWV wave




Reflection of SV-waves at the free surface

Free Surface
Xy

>
Reflected P wave

Incident SV wave




Critical angle of reflection for SV-waves

Eeflected P wawe

Free Surface

Incident BW wave Eeflected SW wawve




Can we obtain the asymptotic

expansion in a neighborhood of
the critical direction?

o2 1/2
X3 = (C—:;— 1) |2, |
NS
NS
S
NS
NS
~\
NS

So, there are two types of S
SV

Above the critical cone :
Below the critical cone : SV*

A

A

Reflected SV wave ~ "

e +iVaAr

IE:SV

»° “E,
&
P 4
& {eflected SV wave ~ 0
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Moreover, there is another S
wave

» SH wave : oscillating horizontally to the surface




5 types of seismic waves

» P wave : (primary)
» S wave : (secondly)
SV wave
SV*0 wave

SH wave

» R wave : (Rayleigh)

» SV wave and SV"0 wave have singularities along the critical
cone.




Our tool is classical.

» The main tool is the stationary phase method.

» Usually, the 2" order derivatives of the phase and
amplitudes are used.

» However, in this case, we can use only the 15t order
derivatives.

» We employ the classical computation of

E. T. Copson, Asymptotic expansions, Reprint of the 1965
original. Cambridge Tracts in Mathematics, 55, Cambridge
University Press (2004)




Another problem is : We evaluate
integrals over the hemisphere,
and the stationary phase point
appears on the boundary circle.

» The Fresnel integral plays a role.

R. M. Lewis, Asymptotic theory of transients,
“Electromagnetic wave theory”, URSI Symposium,

Proceedings, Delft, Pergamon Press (1967)



Free operator

ux) = C(uy (), u(0), w3 (%)) € Hy = 1*(R3, € po dlx)

Lou = —py{(Ag + po)V(V - u) + poAu}

( UEHl(Ri,CS),LouE}[O
ve o) = AV - b + g (24 49U =0 (j
\ 0 j3 T Ho 0x3  0x; ) lxz=0

We state our results for the free case. However, they are easily extended to t
locally perturbed case.
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Recall the structure of
generalized eigenfunctions

Wr(x, k): incident P wave + reflected S wave + reflecte

Yo (x, k): incident S wave + reflected S wave + reflec

Yo, (x, k):incident S wave + reflected S wave

Wi (x,p): Rayleigh wave

x,k € R3, p € R?



W, (x, k) is Lipshiz continuous,
not C"2
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Dermenjian
&
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1988

Making use of these generalized eigenfunctions, we deﬁ
form associated with L.

Fpu(k) = /R Up(z, k) ulz)podx,

Fsvu(t) = [ {xg,, (s @) + gy, (5, (. F)

Fspu(k) = f

 Usu(z, k) -u(z)podz,
R

+

Frulp) = [ Talep) - u(ehpoda

+

for u € C§°(R3,C?), then F; (j = P,SV,SH) are extended as
metric operator from H to LZ(R‘:’_). Similarly, Fg is extended as
isometric operator from H to L?(R?). Thus the Fourier transform
with the elastic operator Ly can be defined as

Fu = (Fpu, Fsyu, Fsyu, Fru), u < H.
The Fourier transform F is a unitary operator from ‘H into
H=L*RY) o L*RE) e LPRE) @ LA(RY)
such that
F(Lou) = (cp|k|*Fpu, c&|k|*Fsvu, ci|k|*Fsg

for u € D(Lyg).



Restriction of the Fourier transform

We define a operator F()) as
f()\)u = (Fpu(\/xw)a FSVU(\/XW): FSH“(\/XM): FRH(\/X/LL)),

for A > 0 and u € ‘H, where w € Si and ;1 € S'. The adjoint operator to
is denoted by F*(A). It will be shown that the operator F(A) is a bo

operator from B to

S

h=L*S3)® L*(S3) & L*(S) @ L*(S")

and F*()\) is a bounded operator from h to B.




Let

loc

B=B[R;,C%) ={ u(z) € L} (R}, C%) ; |luf|s*

where

/2
s = / u(e)Pde |+ 22 f
|z|<1,253>0 n—0 2n<x|<2n g

Then the norm of the dual space B* is equivalent to

1 Y
o =sw (5 | () da
rz1 \ £t Jje|<Ras>0

The closure B of L? (Ri) in the norm of B* consists of functions f

u € B* < ||u]

1
lim —f f(z)]?dz = 0.
R—oo R |z|<R, 23>0 | ( )|

The space B has following properties:
LZ,S C B C L2,1/2 C L2 C LQ,—I/Z C BE)F C B*

for s > 1/2, where L?* for s € R is the weighted L?



B Describe the set of
Maln solutionsto (Lo — Au =
0 in terms of the Fourier
Thaorem transform.
Let A > 0. Suppose that u satisfy

Then u € B* if and only if
u=F"(1)0

for some O € (L*(S3),L*(S2%), L?




u=F"(1)06
= Fp(1)01 + Fgy(1)0, + Fgp (1)03 + Fr(1)0,

Fr()0; = | Wo(x,Viw) 04(w) dw

St

—-1/2
Po/

Wy (x, k) = 2n)32

o7 {e~ikssq(D () + €€ps(9% 0P () + e5%sa)(

Incident P wave Reflected S wave



Let A > 0 . Suppose that u € B* satisfies Lyu = Au. Then for some
(617927933 @4) € h’a
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where r = |z|, ¢ = z/r, r. = |z4|, @x = x4/rs and
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Our next result provides an asymptotic representation of the B*-solution u
neighborhood of the critical circle 0S,,. We see that the smooth transition
circle is described by the Fresnel type integral

In order to state our result, we define functions as follows:

(s,0) = |puls + o3V 1 =52 o= (p«,p3) €S
a(le«]) = sgn(csp — o) V1 = ¥(csp, ), B(s) =

2B(s)
S = [ et
xa(s)

for 0 < s < 1, where sgn(x) denotes the signum function.




Let A > 0. Suppose that u € B* satisfies Lou — Au = 0. Then for some
(919 923 933 @4) S h‘a

o 84\/@ ©10)(p-)

+ CPSC— ei\/)\sr

u(z) ~
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VAp T [cps ]
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where r = |z|, ¢ = x/r, re = |T«|, ¢« = x: /1% and
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Dy = (Z—C%S)E_MM, Dy =

Kol
V2T



Thus this Theorem implies Corollary. Moreover, if o € 0Sgy, th
0. This shows that

Fr(—viAY fa(fe.) = Fr(0) = Lo /4

for ¢ € 0Sgy, which describes the asymptotic approximation on f
circle for the reflected S-wave generated by incident P-wave.




Limiting absorption principle (LA
on B — B space

Asymptotic expansion of the resolve
Ro(A 1 i0)

Closed range theorem
u € B (Ly—Nu=0= u€Ker(F(A



Prn “' Fourier transform restricted to the sphere

Let A > 0. Then we have
F(A\) € B(B;:h), F*(\) € B(h;B*).
Moreover, estimates
|F Ol oy < OA2 |,
IFrMull2gry) £ CA V4 ul s
and
|0 Fllz £ A2 fllagen
1FrN) gl < CA™Y4|gll L2sn)

hold , where the positive constant C' does not depend on A > 0.




Pr“ oi LAP on B — B” space

Let 0 < a < A < b. Then the norm of the operator Ry(z) : B

uniformly bounded:
| Ro(2)| -~ < C,

where the constant C' > 0 does not depend on z = X + ie with # 0.

by usi




Asymptotic
expansion of the
resolvent

(Ro(2)f)(x) = Bp(2)f + Bsy(2)f + Bsuy(2)f + B
(Bp(2)f)(x) = Fp(cilk|? —2) ' Fpf

= | Wp(x, k) Fof (k) dk k =uw

- (cZIkZ = 2)

2,2 _
CpU? — Z

3 . 2
- cp; ]0 W (Jp i GOFef)()du




Asymptotic
expansion of
integrals
over the
upper half
sphere

0 = (w1, Wz, —w3

UsvaGOfs) @) = | 2 foy (uoraly

Ssv

- J e~ WK oy (ure_)agy) (k_)dx
Ssy K_ = (—Kl,—Kz

Stationary point



Asymptotic
expansion of
integrals
over the
upper half
sphere

Let 1 > 0. Then for any ¢ € L?(S"~1),

elnr L e thur

LT W ~ “
‘/'Snl c QO(W) dw o C(I,LT)(n_l)/2 (,0(37) + C(p}’r)(n—l) 2

where r = |2|, # = 2/r and C = e~ (P~ D7/4(27)(n=1)/2




egsgr:z?;gtéi (]sv,1(#)fsv)(x) = fSSVelux-w fsv(uw)a§ (
integrals
over the = [ et (S5 w2 (e e
upper half S2
sphere T N .
=C ur X(Ssy)fsv(up)ag, (¢-)

RoN) = Bof + By + Bon () + Ba)f
Bo()f = Z | = Ui



Asymptotic expansion of integrals

over the upper half sphere

(]P,1(.U)f1;)(x)

g

2
+

X f,\,(,ua))al(,l) (w)dw

(Jp1(W)0)(x., 0)

Q- = (—@1,— @2, 3)

b = (wy, Wy, —w3)
C = 2me /2
_e lHT
(1)
~C——0(p_ _
e (p_)ap (@)




Let w3 = /1 — |w«|? and wy, = —v,. Then we find
I (00 0) = [ e gald)) v )

0< v, |<1 [

where we have used a notation [z] := /1 — |z|?. Again letting v,

1
T —UrT D, K 1)
J O(x,,0) = L dr | emirTlealdan (g —THK,
pa(p)0(z+,0) fo Sl 2 ]Sl (bap”)(

Applying the stationary phase method to the integral over S!, we obt

(0a5)) (~7¢s, [7])

me—?ﬂri/él 1 e IuTT
Jp1(1)0(zs.,0) =

P,l(/“’“) (IJC ) (,LLT‘)l/2 f[] \/ﬁ
+ Rz, p),

where R(z, u) = O(|z|~%/3) as |z| — 0.



In order to evaluate the integral, we consider

s e—turT +o0 e—ip’r”r—,u’r’c
F(s) = / dr = —1 — d(
oo V1 — T 0 \/1—(T—|—ZC)

Note that F'(1) becomes

. +oo ,—ur( _ _ 400
F(l) e _?:6_?:[4”’ / € dC — 6—?,;,{,?"6—371'%/4/\ 6—#TCC_1
0 0

—iur
_ (L ,
N 2
where I'(p) is the Gamma function. To obtain a leading term of the

we may assume that the support of fa is contained in a neighborhood a
Integrating by parts, we find

— —3mi/4 .
e {(F6a 4.0

- /01 F(T)% ((eagj)

Tpa(p)0(z+,0) =
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e

(]P,1(11)A)(x) = C,

R(x,
b RGOl <D Y sup|7OA()
ud/2rp = fes2




Proof
of

surface single
Lemma integral integral

(]P,1(.U)A)(X) =j plnx® A(a))al(,l)(a))da) W3 =

st

1
| e-iﬂrws[ﬂi( [ emtwrpins (AaS))(—m,[T])dK) dr
0 g1

7]

Stationary Phase Meth




V2m . |
(]P,1(.U)A)(7”<P) = ‘ 1 (em/411 (u, Q) + e /4L (u, re)
(ur|e.|)2

1
Li(u,re) = J e‘i”“/’Jr(T)BJr(T)dT |R(ux)| < C, independe
0

1

L () = j ¢V B (1) dr
0

YE() = |@.lt £ @s3l7]

B () = A <$T&, [T])—T
@

Stationary Poi




1

I (1 r) = j e~V O B+ (1) dr
0

Yr(0) = o, |T+<P3[ ]

W' = _W <0

Stationary Point
=g, €[0,1]

Lewis [9] (1967)
t2=y*(c") -+ (@)

Y= (@) = lo. IT — @3]

W' (@ = W >0

No Stationary Point



1

L r) = j eVt @ B+ (1) dr
0

t?=1-9*(1)
o Viled dt
= enter [7 T e (r(0) o at
o dt
\\H(t)
e~ T (0) (VHrG-lo.D 2
_—W j_oo e ds
Ji-lo. _
+L ¢LH(t) H(O)i(eiurtz)dt

2iur J_, t dt

1

() = | et
0

s =y~ (1)

lo.|
j e'M"SG(s)dt

Y~ (62)
G(s)=A (Tm, [T]>

[7]] .|

Second Mean Value Theor
for integration

R (ux

12 (ﬂ; T'(P) —



1

I (1 re) = j e~V @ B+ (1) dr
0

1 (VETH® —HO) d (e .
e B G
c 1
Y
2ur @3
H(t) — H(0)
A(D) = ——

C C
lh(B)] < o WOl < py




1 R(ux
Il(ﬂ:r(.o):j e—lHTIIJ+(T)B+(T)dT IZ(H,T§0)= ('u)

0

IR

-2
e ds

e‘““”H(O) J\/ur(l—lq)*l)
N -

C
+ B p ) < =
P3
V2r . |
Up (WA)(re) = —; (e™/*1,(u,m) + e /41y (u,70) ) +
(urle. )z
1
P2 gl S
—iur
= ¢ — (g le.D) (4a”) (o) +



Asymptotic
expansion of
resolvent

(Ro(2)f)(x) = Bp(2)f + Bsy(2)f + Bsu(2)f + By

;

3 . 2
E@P@ =6 | e (r W)
=1

2,2 _
Cpl” — Z

B (A= i0)f(x) =

6"
rP Jq ciu?— (1 —i0)

AP (4, %) + R(u,x) du

Absolute —(p—1+Yy)
Value of = (r




BN = Z | = Ui

3
1 <r2 Pyl
C, (*® N
(1) ; (1) p
B — = A £ R
p (A —10)f(x) =Ap (4,x) +rpf0 22— (1= i0) (1, x) dp
|- | < Cyr—(P1¥
1 X 2
= j p(%) BP(—i0)f — AP, x)| dx
Br
1 X 2
<z j p(%) BV —i0)f — A (A, x)| dx
Br\Qs
(1)
+||By (A — + |4
” P B*(Q5) ” P llpe(ap
<ée&

4
VR > R, = max {6 3-2p, 3C1€_1}




Perturbation

Scattering Matrix

Inverse Scattering



Summary

B*-space key in asymptotics of Body
and surface wave

Asymptotic analysis of integrals near
critical angle and boundary important

Integration by parts

Stationary Phase Method

Saddle Point Method
Uniform expansion of integral
with a stationary point near an endpoint

Asymptotic expansion of resolvent

Characterization of solutio



Lorsque
J'apprenais
Francais, on
m'apris que
tout les femme
ont 25 ans



Bon Anniversaire
Assia

Toujours, Toujours
25 ans




