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Hierarchic control

@ Concept from game theory (Gabriel Cramer 1728, Daniel Bernouilli
1738).

@ The leader (first player) does a movement. The follower (second player)
reacts trying to win or optimize the response to the leader movement.

o Historical papers due to J. von Neumann and O. Morgenstern (1943) and
Nash (1950). [What is now known as Nash equilibria is due to Cournot
(1838)].
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ON THE THRORY OF GAMES OF STRATHGY'

John von Neumann

(4 translabion by Mrs. Sonye Rargmann of
"Zur Theorle der Gesellschaftss isle, "
Mathematlsche Annalen 160 (1928), pp.
295-320.]

INTRODUCTION

i+ The present peper ls concerned with the following question:

n players 8, §

7o - 8, are playing a given game of
strategy, ©. How wust one of the particlipants, &,

play in order to achieve & most advantageous result?

The problem 1s well known, and there is hardly a situation in
daily life into which this problem does not enter.
this question is not unambiguous.

Yet, the meaning of

For, ss soon as n> 1 (i.e., @ isa
“.gsme of strategy in the proper sense), the fate of each pleyer depends not
.9Rly on his own actions but also on those of the others,

and thelr be-
Bevior is motivated by the same selfish interests as the behavior of the
. irst player. We feel that the situstion is inherently clrcular.-

Hence we must firsl endeavor to find a el

ear formulation of the
Auestion. What, exactly, is a game of stratogy?

A great many diffevent
= things come under this heading, anything from roulette to
bagearat to bridge. And after all, ar
ditions and the varticipants in the

chess, from

event - given the external con-
vation (provided the latter are
be regarded as a game
one looks at the effect 1t has on the par
these things have in common?

aoting of their own free will) - may of strategy if

tlcipants.® What element do all

r coupled paral



EQUILIBRIUM POINTS IN N-PERSON GAMES
By Joun F. Nasi, Jr.*
Praxceron Untversiry
Communicated by . Lefschetz, November 16, 1949

One may define a concept of an #-person game in which each player has
a finite set of purc strategics and in which a definite set of payments to the
n players corresponds to each n-tuple of pure strategics, one strategy
being taken for cach player. For mixed strategies, which are probability

Vor. 36, 1950 MATHEMATICS: G. POLYA 49

distributions over the pure strategies, the pay-off functions are the expecta-
tions of the players, thus becoming polylincar forms in the probabilitics
with which the various players play their various pure strategies.

Any n-tuple of strategies, one for each player, may be regarded as a
point in the product space obtained by multiplying the n strategy spaces
of the players. One such n-tuple counters another if the strategy of cach
player in the countering n-tuple yields the highest obtainable expectation
for its player against the n — 1 strategies of the other players in the
countered n-tuple. A self-countering n-tuple is called an equilibrium point.

The correspondence of each n-tuple with its set of countering 7-tuples
gives a one-to-many mapping of the product space into itself. From the
definition of countering we see that the set of countering points of a point
is convex. By using the continuity of the pay-off functions we see that the
graph of the mapping is closed. The closedness is equivalent to saying
i Py, Py, ... and Qi Qs ..., Qu ... are sequences of points in the product
space where 0, = Q, P, = P and Q, counters P, then Q counters P.

Since the graph is closed and since the image of cach point under the
mapping is convex, we infer from Kakutani’s theorem! that the mapping
has @ fixed point (i.e., point contained in its image). Hence there is an
equilibrium point.

In the two-person zero-sum case the “main theorem™ and the existence
of an equilibrium point are equivalent. In this case any two equilibrium
points lead to the same expectations for the players, but this need not occur
in general.

* The author is indebted to Dr. David Gale for suggesting the use of Kakutanis
theorem to mnpmy the proctand to he A E. C h:r financial suport.
* Kakutani, S., Duke Math. .,
+ Von Neuna \[urgemlcm o. T Theors uf Games and Economic Be-
haviour, Chap. 3 miversity Press, Princeton, 1947.

J., and
biineeton
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@ Several concepts.

@ Two players (controls) one leader, one follower. Called Stackelberg
strategy.

@ Several players: Nash equilibria, Pareto strategy etc.......

@ We concentrate on Stackelberg strategy.

ANTAMARIA On hierarchic control for coupled parabolic equations



Hierarchic control for the heat equation

Consider

yt_Ay:th+VXw1 inQ=Qx (O,T),
(1) y=00n3 = a9 x (0,T),
y(x,0) = y(x) in Q.
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Hierarchic control for the heat equation

Consider
Yt — Ay = th + VXw in Q7
y=0onX,
y(x,0) =»°(x) in Q.

h is the leader
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Hierarchic control for the heat equation

Consider
yi — Ay = hxw +vxw, inQ),
y=0on%,
y(x,0) =»°(x) in Q.
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Hierarchic control for the heat equation

We will have the main functional

J(h) = ! / / |h|?dxdt,
2 JJux@o,m)

Luz DE TERESA and Victor HERNANDEZ-SANTAMARIA On hierarchic control for coupled parabolic equations



Hierarchic control for the heat equation

We will have the main functional

1
= // |h|?dxdt,
2 JJux@o,m)

Let wy C € be the observation domain of the follower.
Define the secondary functional

Ji( // ly — yd|2dxdt+— // v|*dxdt,

Wax (0,T) w1><(0 T)
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Hierarchic control

The follower v assumes that the leader /2 has made a choice and intend to be a
minimizer for the cost J;
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Identifying v we look for an optimal control h such that
J (E) — minJ (,7(h))

subject to the restrictions:
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Identifying v we look for an optimal control h such that
J (E) — minJ (,7(h))

subject to the restrictions:
Approximate control
(-, T;:h,%(h)) € y' + €B.
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Main control

Identifying v we look for an optimal control h such that
J (E) — minJ (,7(h))

subject to the restrictions:
Approximate control
(-, T;:h,%(h)) € y' + €B.

Or null control

@ Also we may ask controllability to trajectories.

@ and two or more followers (Nash equilibrium)
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Characterization of the follower: p >> 1

Characterization of the follower
ly — ya|*dxdt + & S oo |v|2dxd?)

i(hv) =5 [[

Given h, v is characterized by

Wi x (0,T)

with

— Ay =hxw — 4PXw, 00,
M —pr=Ap=a(y—ya)xw, 00,
Y(O)I)’O, p(T)=0, y=p=0onX.
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Characterization of the follower: p >> 1

Characterization of the follower

1 (hyv) = a ffw(,/(oir) ly — ya 2dxdt + %ffwl «(0,7) ’v‘zdx(h‘)

Given h, v is characterized by

with
Vi — Ay =hxw — 4PXw, 0 Q,
) —pr—Ap=a(y—ya) xw, in0,
y(0)=»°, p(T) =0, y=p=0on%.
In fact, if v is a minimizer, then we have the Euler equation

T, (h,¥)9 =0
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Characterization of the follower: p >> 1

In fact, if v is a minimizer, then we have the Euler equation

J1(h,v)p =0

(E) // (¥ — ya)ydxdt + 1 // vdxdt = 0

Wax (0,7) wi x(0,T)

with

On hierarchic control for coupled parabolic equations
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Characterization of the follower: p >> 1
(E) / / (5 — ya)jdxdt + p / / Phdxdt = 0

Wax (0,T) w; x(0,T)
with

5)1‘ - Aj} = ‘/}le in Q7
y(0)=0, y=0on2X.

So we recover (E) if we put

—pr — Ap = (Y = Ya)Xw, 100,
p(T)=0,inQ, p=~0onX.

and multiply it by y so we get v = —iPle
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Characterization of the follower: p >> 1

Vi — Ay =hxw — 4PXw, 00,
—pi —Ap=a(y —yi) Xw, inQ,
y(0) Z)’O, p(T)=0, y=p=0onX.
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Characterization of the follower: p >> 1

Vi — Ay =hxw — 4PXw, 00,
—pi —Ap=a(y —yi) Xw, inQ,
y(0) Z)’O, p(T)=0, y=p=0onX.

We get the system of two coupled equations!
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Lions result: Stackelberg’s equilibrium, approximate control

J. L. Lions proves the existence of an approximate Stackelberg equilibrium.
That is, he proves the existence of a control 4 such that the corresponding
solution to

Ve = Ay = hxw = ,PXw, in 0,
ey —pr—Ap=a(y—yi) X, in0,

y(0)=»° p(T) =0, y=p=0onZX,
satisfies

¥(T) €y + aB.

and

J (E) — minJ(h, p)

wNwy; = 0.
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Stackelberg equilibrium: null controllability

Recall that we want
Ji(h,v) = % // |y—yd|2dxdt+g // |v|*dxdt,
Wax (0,T) w1 x(0,T)

Araruna, Ferndndez-Cara, Santos proved for y large enough, w,; Nw # () and
for

/ / P2 (0)|ya|* < o0 ‘ Compatibility condition‘

Wax (0,T)

for a (particular) p(r) blowing up at r = 7. (Related to Carleman inequality).

Luz DE TERESA and Victor HERNANDEZ-SANTAMARIA On hierarchic control for coupled parabolic equations



Null controllability

There exists & such that the corresponding solution to

Vi = Ay = hxw = 4PXey 00,
—pi—Ap=0a(y—Ya) Xw, in0,
y(O) :)’07 P(T) =0, y=p=0on?2.

satisfies

¥(T) = 0.
That is the pair (v, &) solve the Stackelberg problem:
V= —ip and # minimizes

J (h,v(R))

subject to y(T; h,v) = 0.
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Insensitizing controls

System is close to the system that appears in insensitizing controls:

i — Ay =hx, +ys inQ,
—pi — Ap = yxu, inQ,
y(0) =y°, p(T) =0, y=p=0onX.
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Insensitizing controls

System is close to the system that appears in insensitizing controls:

i — Ay =hx, +ys inQ,
—pi — Ap = yxu, inQ,
Y(O)Iyovp(T)ZO, y=p=0onX.

e Huge difference: In the first equation we have iPle
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Insensitizing controls

Vi — Ay =hxw — 4PXw, 00,
—pr — Ap =y — ya)Xw, inQ,
y(0) Z)’O, p(T)=0, y=p=0onX.

o Huge difference: In the first equation we have iPle

@ More complicated coupling but the big parameter p allows to prove null
controllability.
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Hierarchic control for systems

What can we say of hierarchic control for systems?
Let us consider a "simple" case a;;(x,1) € L*(Q):

Y1, — Ay1 +anyr +any: = hxo +vxw, inQ,
20— Ayr +azyi +any, =0 inQ,
yj(x,0) = y]Q(x) inQ2, yy=0onX, j=1,2,

where for an open set wy C w the following holds

az; >ap>0 or —ay >ap>0in  wyx (0,7).
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Hierarchic control for systems

In this situation we know (Gonzélez-Burgos, deT [2010]) that this system is
null controllable.
What about hierarchic control?
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Hierarchic control for systems

Main functional: Minimize
1
= // |h|*dxdt,
2 JJuxo,1)

’)’(',T;h,v) =0 inQ.‘

subject to

Secondary functional:

Ji(h,v) // v = yial* + ly2 — yo.al*dxdi
Wax (0,T)

+// [v|2dxdt,
2 JJux(o,m)
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Hierarchic control for systems

Characterization of the follower p >> 1

Y1, — Ay +anyr + azys = hxo — iPIXM in Q,

Y2, — Ayr +any +apy, =0 inQ,

—p1— Ap1 +anpr +anpr = a(y1 — y1.4) Xw, in0,

—p2: — Apa +app +anpy = a (2 — ¥2.4) Xw, 10,
\ )’j(o) :yj(-)a Pj(T) =0, yj=pi=0o0nk, j=1,2.

So the leader has to control 2 variables of a system of 4 equations!
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Characterization by means of the adjoint system

—p1:— A1 + an1p1 + az1p2 = afixw, inQ,

—p2 — Ay + annei + axnpr = abyx,, inQ,

01— A8 +anb +anb = —Lpix, inQ,

02y — AOr + a0 + axb, =0 inQ,

goj(T) = fi, 9j(0) =0inQ, ¢;=0,=00n, j=1,2,
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Carleman inequality a;, = 0

Remember Poster Session Victor Hernandez-Santamaria proved the following
Carleman inequality when w N wy # 0

a2 =0]

I(dy, 1) + I(da, p2) + I(my, 01) + I(m3, 02)

= C/ / e ()P 12| 2dix
wx(0,T)

I(m,z) := // e 2P (s7)" 2| Vz| dxdt + // e 2P (sv)™|z)2dxdt
Q Q

* 0 * 0
o) = 271 — €W, a1y = VI (1) =
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Observability inequality

Introduce:
(1) = T?/4 for 0<1<T/2,
(T -1 for T/2<t<T,

and the following associated weight functions

- S0 = g &0 =maaG), 50 =

Q
/ 01(0)Pax + / |02(0)Pdx + / / 57210, Paxdt + / / 5210, Pt
Q Q (0] 0
+// ﬁz\wn\zdxdﬂr// P2 lpa Pdxdr < C// 01| *dxd
0 0 wx (0,T)

Key points: 6;(x,0) = 0and p >> 1.

a(x, 1)
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Controllability result

That means that there exists a control & € L2((0,T) x w) such that the
solution to

;

yip — Ay +anyi+ = hxw — iPIle in O,

Y2 — Ay, + a1 y1 +axny; =0 in Q,

—p1s— Ap1 +anpi +aupr = (1 — y1.4) X, 00,
—p2:— Apy+anpy = a(y2 — y2,4) Xw, inQ,

L (0) :yj(')a pi(T)=0, yj=pij=00n%, j=1,2.

satisfies

‘)’1(7") =n(T) = 0‘

as soon as

T
/ / y,-z_dﬁzdxdt <oo,i=1,2 ’Compatibility condition!
0Jwy
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Theorem

Suppose ay; satisfies “coupling” condition, w Nwy # 0, u >> 1
and y; 4 satisfy the compatibility condition, then there exists a Stackelberg
(h,v) optimal strategy for J(h) subject to y;(, T;h,v) =0 in Qand J,(h,v)
and (y1,y2) solution to

Yip— Ayi +anyr = hxe +vxw, in 0,
2.0 — Ayr +aniyr +any: =0 inQ,
Yi(x,0) =y (x)inQ, y=0on%, =12,

1
J(h) = = / / |h|?dxdt,
2 wx(0,T)

[0
Ji(h,v) = = // v = y1al® + [y2 — y2.a|*dxdt
2 Wdx (0,T)

+“// Iv[2dxdt,
2 JJux(,1)
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|

Theorem

Suppose ay satisfies “coupling” condition, w Nwy # 0, p >> 1
and y; 4 satisfy the compatibility condition, then there exists a Stackelberg
(h,v) optimal strategy for J(h) subject to y;(-, T;h,v) =0 inQ and Ji(h,v)
and (y1,y2) solution to

— Ay +anyr = hxo +vxw, inQ,
2 — Ays +aniyr +any, =0 inQ,
Yi(x,0) =y(x)inQ, y=0o0n%, =12,

Furthermore, there exists a constant C > 0 such that

s + 12 < COb°IE:+ 3 [ / 2 Pdsdr)

Luz DE TERESA and Victor HERNANDEZ-SANTAMARIA On hierarchic control for coupled parabolic equations



Series solution

@ What can we do if ajp # 0?

abolic equations



Series solution

@ What can we do if ajp # 0?

@ Following Castro-deT, we propose

Y1 — Ay1 + any + €anny: = hxw — iplxm in Q,

2. — Ayr +aniyr +any, =0 inQ,

—p1;: — Ap1 +anpr +aupr = a(y1 — y1,d) Xw, inQ,

—p2; — Apa +eappr + anpr = a (y2 — y2,4) Xw, 100,
L %(0) =y, pi(T) =0, yj=pj=0onX, ;=12
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Series solution

@ What can we do if ajp # 0?

@ Following Castro-deT, we propose

Y1 — Ay1 + any + €anny: = hxw — iplxm in Q,

2. — Ayr +aniyr +any, =0 inQ,

—p1;: — Ap1 +anpr +aupr = a(y1 — y1,d) Xw, inQ,

—p2; — Apa +eappr + anpr = a (y2 — y2,4) Xw, 100,
L %(0) =y, pi(T) =0, yj=pj=0onX, ;=12

@ Suppose that

yi = Zskyff; pi = Zekpf-‘; h= Zskhk.
k k
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Controlled family k = 0

W= Ay +any) = %0 — pixe, inQ,

W, =AY +any! +an))=0 inQ,

), — ApY +anpl +ap2r = a () — y1.4) X, InQ,
P9, — ApY + anp) = a () = y24) Xw, 0,

W) =05 P)(T) =0, y =p)=0on%,j=1,2.

Under previous assumptions on w, wy, y;, d and u, There exists
h® € L*(w x (0, 7)) such that y)(7) = y3(T') = 0 with
T
Tt / / yigpldxdt).
0 Jwy

217 + 1S + P12 + 1Ip31> + 1A% < € 1voul
i
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Controlled family £ > 0

A= A +anyk +an)s ! = Ky, — 1., nQ,

ylﬁ,z — AV + @yt +anyk =0 inQ,

—pk, — Apt + anpt + di ph = apk i@,

_Pliz - Apé + 6122]7]5 = (y’ixwd = éauplf*l) in Q,
[ 50) =0, pX(T) =0, y=pt=0onx, j=12.

Question

Is it possible to construct /¥ such that yj’.‘(T) = 0 and such that for C > 0
independent of k£ we get

k
Y% + 1317 + P11 + NP5 < Cllat*?

Furthermore, can ||/#*||?> be uniformly bounded?
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Theorem
Under previous assumptions: Suppose that ay, € L*°(Q) is such that

/ prad, (x, £)dxdt < oco.
Q

then the problem can be solved if ¢ << 1.
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Obstruction from Carleman inequality

@ Relation between dy, d», my, my in
I(dy, 1) +1(da, p2) + 1(my,01) + I(my,0)

= C/ / e 2B (gy)2m bt 12|, Pdixdt
wx(0,T)

do not allow to construct a solution (y} , y%, p% , p%) decaying to zero
exponentially as t — T.
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Theorem

Under previous assumptions: Suppose that ay, € L*°(Q) is such that for
some § > 0

)
/ eT—ial, (x, t)dxdt < oc.
Q

then the problem can be solved if ¢ << 1.

The proof requires to prove Carleman inequalities for the system

—p1: — At + anpr + azipr = abixw, + F1 in Q,
—p2s — Ay + anps = abhx,, + F>» inQ,

01— Ay +anbdi = —pixw +F3 inQ,

02y — AO + a0 + axnb, =F; inQ,

@i(T) =f;, 6;(0)=0inQ, ¢;=6;=00n%, =12,
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Decaying-null control

210 — Azp +anz = ile — %ZSXM +g1 inQ,

22— Az +anz +apzn =+g inQ,

—23: — Az +anz + a2z = Y1, dXw, + 83 in 0,

—24; — Azg + a4 = Y2 4Xw, + 84 inQ,

Zj(O) =0,j= 1,2Zk(T) =0,k=3,4 z=00n, j=1,2,3,4.

\

Does there exists /4 such that all the variables 21,22, 23, 24 decay exponentially
tozeroast — T?
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@ The result can be extended to aja(x, 1) = bi2(x, 1) + edia(x, 1) with

by2(x,t) decaying exponentially to zero att = 0,7 =T

dy2(x, 1) decaying exponentially to zero att = T
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@ The result can be extended to aja(x, 1) = bi2(x, 1) + edia(x, 1) with

by2(x,t) decaying exponentially to zero att = 0,7 =T

dy2(x, 1) decaying exponentially to zero att = T

@ For aj; = 0 we can introduce more followers and get a Nash
equilibrium.
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@ The result can be extended to aja(x, 1) = bi2(x, 1) + edia(x, 1) with

by2(x,t) decaying exponentially to zero att = 0,7 =T

dy2(x, 1) decaying exponentially to zero att = T

@ For aj; = 0 we can introduce more followers and get a Nash
equilibrium.

@ Work in progress for constant coefficients.
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jGracias!
Merci!

Thank you!
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iFelicidades Assia!
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