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Hierarchic control

Concept from game theory (Gabriel Cramer 1728, Daniel Bernouilli
1738).

The leader (first player) does a movement. The follower (second player)
reacts trying to win or optimize the response to the leader movement.

Historical papers due to J. von Neumann and O. Morgenstern (1943) and
Nash (1950). [What is now known as Nash equilibria is due to Cournot
(1838)].
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Several concepts.

Two players (controls) one leader, one follower. Called Stackelberg
strategy.

Several players: Nash equilibria, Pareto strategy etc.......

We concentrate on Stackelberg strategy.
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Hierarchic control for the heat equation

Consider

(1)


yt −∆y = hχω + vχω1 in Q = Ω× (0,T),
y = 0 on Σ = ∂Ω× (0,T),
y(x, 0) = y0(x) in Ω.

Luz DE TERESA and Víctor HERNÁNDEZ-SANTAMARÍA On hierarchic control for coupled parabolic equations



Hierarchic control for the heat equation

Consider 
yt −∆y = hχω + vχω1 in Q,
y = 0 on Σ,
y(x, 0) = y0(x) in Ω.

h is the leader
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Hierarchic control for the heat equation

Consider 
yt −∆y = hχω + vχω1 in Q),
y = 0 on Σ,
y(x, 0) = y0(x) in Ω.

Ω

ω1ω
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Hierarchic control for the heat equation

We will have the main functional

J(h) =
1
2

∫∫
ω×(0,T)

|h|2dxdt,

Ω
ω1ωωd
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Hierarchic control for the heat equation

We will have the main functional

J(h) =
1
2

∫∫
ω×(0,T)

|h|2dxdt,

Ω
ω1ωωd

Let ωd ⊂ Ω be the observation domain of the follower.
Define the secondary functional

J1(h, v) =
α

2

∫∫
ωd×(0,T)

|y− yd|2dxdt +
µ

2

∫∫
ω1×(0,T)

|v|2dxdt,
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Hierarchic control

The follower v assumes that the leader h has made a choice and intend to be a
minimizer for the cost J1
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Main control

Identifying v we look for an optimal control ĥ such that

J
(

ĥ
)

= min
h

J (h, v(h))

subject to the restrictions:
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Main control

Identifying v we look for an optimal control ĥ such that

J
(

ĥ
)

= min
h

J (h, v(h))

subject to the restrictions:
Approximate control

y(·,T; h, v(h)) ∈ yT + εB.
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Main control

Identifying v we look for an optimal control ĥ such that

J
(

ĥ
)

= min
h

J (h, v(h))

subject to the restrictions:
Approximate control

y(·,T; h, v(h)) ∈ yT + εB.

Or null control
y(·,T; h, v(h)) = 0

Also we may ask controllability to trajectories.

and two or more followers (Nash equilibrium)
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Characterization of the follower: µ >> 1

Characterization of the follower
(J1(h, v) = α

2

∫∫
ωd×(0,T)

|y− yd|2dxdt + µ
2

∫∫
ω1×(0,T) |v|

2dxdt)

Given h, v̄ is characterized by

v̄ = − 1
µ

pχω1

with 
yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

(1)

Luz DE TERESA and Víctor HERNÁNDEZ-SANTAMARÍA On hierarchic control for coupled parabolic equations



Characterization of the follower: µ >> 1

Characterization of the follower
(J1(h, v) = α

2

∫∫
ωd×(0,T)

|y− yd|2dxdt + µ
2

∫∫
ω1×(0,T) |v|

2dxdt)

Given h, v̄ is characterized by

v̄ = − 1
µ

pχω1

with 
yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

(1)

In fact, if v̄ is a minimizer, then we have the Euler equation

J′1(h, v̄)v̂ = 0
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Characterization of the follower: µ >> 1

In fact, if v̄ is a minimizer, then we have the Euler equation

J′1(h, v̄)v̂ = 0

(E)
∫∫

ωd×(0,T)

(ȳ− yd)ŷdxdt + µ

∫∫
ω1×(0,T)

v̄v̂dxdt = 0

with {
ŷt −∆ŷ = v̂χω1 in Q,
ŷ(0) = 0, ŷ = 0 on Σ.
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Characterization of the follower: µ >> 1

(E)
∫∫

ωd×(0,T)

(ȳ− yd)ŷdxdt + µ

∫∫
ω1×(0,T)

v̄v̂dxdt = 0

with {
ŷt −∆ŷ = v̂χω1 in Q,
ŷ(0) = 0, ŷ = 0 on Σ.

So we recover (E) if we put{
−pt −∆p = (ȳ− yd)χωd in Q,
p̂(T) = 0, in Ω, p = 0 on Σ.

and multiply it by ŷ so we get v̄ = − 1
µpχω1
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Characterization of the follower: µ >> 1


yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.
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Characterization of the follower: µ >> 1


yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

We get the system of two coupled equations!
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Lions result: Stackelberg’s equilibrium, approximate control

J. L. Lions proves the existence of an approximate Stackelberg equilibrium.
That is, he proves the existence of a control ĥ such that the corresponding
solution to 

yt −∆y = ĥχω − 1
µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ,

(1)

satisfies
y(T) ∈ yT + αB.

and

J
(

ĥ
)

= min
h

J(h, p)

ω ∩ ω1 = ∅.
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Stackelberg equilibrium: null controllability

Recall that we want

J1(h, v) =
α

2

∫∫
ωd×(0,T)

|y− yd|2dxdt +
µ

2

∫∫
ω1×(0,T)

|v|2dxdt,

Araruna, Fernández-Cara, Santos proved for µ large enough, ωd ∩ ω 6= ∅ and
for ∫∫

ωd×(0,T)

ρ̂2(t)|yd|2 <∞ Compatibility condition

for a (particular) ρ̂(t) blowing up at t = T . (Related to Carleman inequality).
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Null controllability

There exists h such that the corresponding solution to
yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α (y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

satisfies
y(T) = 0.

That is the pair (v, h) solve the Stackelberg problem:
v = − 1

µp and h minimizes
J (h, v(h))

subject to y(T; h, v) = 0.
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Insensitizing controls

System is close to the system that appears in insensitizing controls:
yt −∆y = hχω + yd in Q,
−pt −∆p = yχωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.
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Insensitizing controls

System is close to the system that appears in insensitizing controls:
yt −∆y = hχω + yd in Q,
−pt −∆p = yχωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

Huge difference: In the first equation we have 1
µpχω1
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Insensitizing controls


yt −∆y = hχω − 1

µpχω1 in Q,

−pt −∆p = α(y− yd)χωd in Q,
y(0) = y0, p(T) = 0, y = p = 0 on Σ.

Huge difference: In the first equation we have 1
µpχω1

More complicated coupling but the big parameter µ allows to prove null
controllability.
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Hierarchic control for systems

What can we say of hierarchic control for systems?
Let us consider a "simple" case aij(x, t) ∈ L∞(Q):

y1,t −∆y1 + a11y1 + a12y2 = hχω + vχω1 in Q,
y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
yj(x, 0) = y0

j (x) in Ω, yj = 0 on Σ, j = 1, 2,

where for an open set ω0 ⊂ ω the following holds

a21 ≥ a0 > 0 or − a21 ≥ a0 > 0 in ω0 × (0,T).
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Hierarchic control for systems

In this situation we know (González-Burgos, deT [2010]) that this system is
null controllable.

What about hierarchic control?
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Hierarchic control for systems

Main functional: Minimize

J(h) =
1
2

∫∫
ω×(0,T)

|h|2dxdt,

subject to

y(·,T; h, v) = 0 in Ω.

Secondary functional:

J1(h, v) =
α

2

∫∫
ωd×(0,T)

|y1 − y1,d|2 + |y2 − y2,d|2dxdt

+
µ

2

∫∫
ω×(0,T)

|v|2dxdt,
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Hierarchic control for systems

Characterization of the follower µ >> 1



y1,t −∆y1 + a11y1 + a12y2 = hχω − 1
µp1χω1 in Q,

y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
−p1,t −∆p1 + a11p1 + a21p2 = α (y1 − y1,d)χωd in Q,
−p2,t −∆p2 + a12p1 + a22p2 = α (y2 − y2,d)χωd in Q,
yj(0) = y0

j , pj(T) = 0, yj = pj = 0 on Σ, j = 1, 2.

So the leader has to control 2 variables of a system of 4 equations!

Luz DE TERESA and Víctor HERNÁNDEZ-SANTAMARÍA On hierarchic control for coupled parabolic equations



Characterization by means of the adjoint system



−ϕ1,t −∆ϕ1 + a11ϕ1 + a21ϕ2 = αθ1χωd in Q,
−ϕ2,t −∆ϕ2 + a12ϕ1 + a22ϕ2 = αθ2χωd in Q,
θ1,t −∆θ1 + a11θ1 + a12θ2 = − 1

µϕ1χω in Q,

θ2,t −∆θ2 + a21θ1 + a22θ2 = 0 in Q,
ϕj(T) = fj, θj(0) = 0 in Ω, ϕi = θj = 0 on Σ, j = 1, 2,
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Carleman inequality a12 = 0

Remember Poster Session Victor Hernández-Santamaría proved the following
Carleman inequality when ω ∩ ωd 6= ∅

a12 = 0

I(d1, ϕ1) + I(d2, ϕ2) + I(m1, θ1) + I(m2, θ2)

≤ C
∫∫

ω×(0,T)
e−2sβ(sγ)2m2−d2+12|ϕ1|2dxdt

I(m, z) :=

∫∫
Q

e−2sβ(sγ)m−2|∇z|2dxdt +

∫∫
Q

e−2sβ(sγ)m|z|2dxdt

β0(x) = e2C∗‖η0‖∞ − eC∗η0(x), β(x, t) =
β0(x)

t(T − t)
γ(t) :=

1
t(T − t)

Luz DE TERESA and Víctor HERNÁNDEZ-SANTAMARÍA On hierarchic control for coupled parabolic equations



Observability inequality

Introduce:

l(t) =

{
T2/4 for 0 ≤ t ≤ T/2,
t(T − t) for T/2 ≤ t ≤ T,

and the following associated weight functions

α̃(x, t) =
β0(x)

l(t)
, γ̃(t) =

1
l(t)

, α̃∗(t) = max
Ω̃

α̃(x, t), ρ̃(t) := es̃α̃∗
.

∫
Ω
|ϕ1(0)|2dx +

∫
Ω
|ϕ2(0)|2dx +

∫∫
Q
ρ̃−2|θ1|2dxdt +

∫∫
Q
ρ̃−2|θ2|2dxdt

+

∫∫
Q
ρ̃−2|ϕ1|2dxdt +

∫∫
Q
ρ̃−2|ϕ2|2dxdt ≤ C

∫∫
ω×(0,T)

|ϕ1|2dxdt

Key points: θi(x, 0) = 0 and µ >> 1.
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Controllability result

That means that there exists a control h ∈ L2((0,T)× ω) such that the
solution to

y1,t −∆y1 + a11y1+ = hχω − 1
µp1χω1 in Q,

y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
−p1,t −∆p1 + a11p1 + a21p2 = α (y1 − y1,d)χωd in Q,
−p2,t −∆p2 + a22p2 = α (y2 − y2,d)χωd in Q,
yj(0) = y0

j , pj(T) = 0, yj = pj = 0 on Σ, j = 1, 2.

satisfies

y1(T) = y2(T) = 0

as soon as∫ T

0

∫
ωd

y2
i,dρ̃

2dxdt <∞, i = 1, 2 Compatibility condition!
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Theorem

Suppose a12 = 0, a21 satisfies “coupling" condition, ω ∩ ωd 6= ∅, µ >> 1
and yi,d satisfy the compatibility condition, then there exists a Stackelberg
(h, v) optimal strategy for J(h) subject to yi(·,T; h, v) = 0 in Ω and J1(h, v)
and (y1, y2) solution to

y1,t −∆y1 + a11y1 = hχω + vχω1 in Q,
y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
yj(x, 0) = y0

j (x) in Ω, yj = 0 on Σ, j = 1, 2,

J(h) =
1
2

∫∫
ω×(0,T)

|h|2dxdt,

J1(h, v) =
α

2

∫∫
ωd×(0,T)

|y1 − y1,d|2 + |y2 − y2,d|2dxdt

+
µ

2

∫∫
ω×(0,T)

|v|2dxdt,
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Theorem

Suppose a12 = 0, a21 satisfies “coupling" condition, ω ∩ ωd 6= ∅, µ >> 1
and yi,d satisfy the compatibility condition, then there exists a Stackelberg
(h, v) optimal strategy for J(h) subject to yi(·,T; h, v) = 0 in Ω and J1(h, v)
and (y1, y2) solution to

y1,t −∆y1 + a11y1 = hχω + vχω1 in Q,
y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
yj(x, 0) = y0

j (x) in Ω, yj = 0 on Σ, j = 1, 2,

Furthermore, there exists a constant C > 0 such that

‖h‖2
L2 + ‖v‖2

L2 ≤ C(‖y0‖2
L2 +

∑∫ T

0

∫
ωd

y2
i,dρ̃

2dxdt)
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Series solution

What can we do if a12 6= 0?

Following Castro-deT, we propose

y1,t −∆y1 + a11y1 + εa12y2 = hχω − 1
µp1χω1 in Q,

y2,t −∆y2 + a21y1 + a22y2 = 0 in Q,
−p1,t −∆p1 + a11p1 + a21p2 = α (y1 − y1,d)χωd in Q,
−p2,t −∆p2 + εa12p1 + a22p2 = α (y2 − y2,d)χωd in Q,
yj(0) = y0

j , pj(T) = 0, yj = pj = 0 on Σ, j = 1, 2.

Suppose that

yi =
∑

k

εkyk
i ; pi =

∑
εkpk

i ; h =
∑

k

εkhk.
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Controlled family k = 0



y0
1,t −∆y0

1 + a11y0
1 = h0χω − 1

µp0
1χω1 in Q,

y0
2,t −∆y0

2 + a21y0
1 + a22y0

2 = 0 in Q,
−p0

1,t −∆p0
1 + a11p0

1 + a0
21p2 = α

(
y0

1 − y1,d
)
χωd in Q,

−p0
2,t −∆p0

2 + a22p0
2 = α

(
y0

2 − y2,d
)
χωd in Q,

y0
j (0) = y0,j, p0

j (T) = 0, y0
j = p0

j = 0 on Σ, j = 1, 2.

k=0
Under previous assumptions on ω, ωd, yi, d and µ, There exists
h0 ∈ L2(ω × (0,T)) such that y0

1(T) = y0
2(T) = 0 with

‖y0
1‖2 + ‖y0

2‖2 + ‖p0
1‖2 + ‖p0

2‖2 + ‖h0‖2 ≤ C(
∑

i

‖y0,i‖2 +

∫ T

0

∫
ωd

y2
i,dρ̃

2dxdt).
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Controlled family k > 0



yk
1,t −∆yk

1 + a11yk
1 + a12yk−1

2 = hkχω − 1
µpk

1χω1 in Q,

yk
2,t −∆yk

2 + a21yk
1 + a22yk

2 = 0 in Q,
−pk

1,t −∆pk
1 + a11pk

1 + ak
21pk

2 = αyk
1 in Q,

−pk
2,t −∆pk

2 + a22pk
2 = α

(
yk

2χωd − 1
αa12pk−1

1

)
in Q,

yk
j (0) = 0, pk

j (T) = 0, yk
j = pk

j = 0 on Σ, j = 1, 2.

Question

Is it possible to construct hk such that yk
j (T) = 0 and such that for C > 0

independent of k we get

‖yk
1‖2 + ‖yk

2‖2 + ‖pk
1‖2 + ‖pk

2‖2 ≤ C‖hk‖2?

Furthermore, can ‖hk‖2 be uniformly bounded?
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Theorem
Under previous assumptions: Suppose that a12 ∈ L∞(Q) is such that∫

Q
ρ̃2a2

12(x, t)dxdt <∞.

then the problem can be solved if ε << 1.

Luz DE TERESA and Víctor HERNÁNDEZ-SANTAMARÍA On hierarchic control for coupled parabolic equations



Obstruction from Carleman inequality

Relation between d1, d2,m1,m2 in

I(d1, ϕ1) + I(d2, ϕ2) + I(m1, θ1) + I(m2, θ2)

≤ C
∫∫

ω×(0,T)
e−2sβ(sγ)2m2−d2+12|ϕ1|2dxdt

do not allow to construct a solution (y1
1, y

1
2, p

1
1, p

2
2) decaying to zero

exponentially as t→ T .
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Theorem
Under previous assumptions: Suppose that a12 ∈ L∞(Q) is such that for
some δ > 0 ∫

Q
e

δ
T−t a2

12(x, t)dxdt <∞.

then the problem can be solved if ε << 1.

The proof requires to prove Carleman inequalities for the system



−ϕ1,t −∆ϕ1 + a11ϕ1 + a21ϕ2 = αθ1χωd + F1 in Q,
−ϕ2,t −∆ϕ2 + a22ϕ2 = αθ2χωd + F2 in Q,
θ1,t −∆θ1 + a11θ1 = − 1

µϕ1χω + F3 in Q,

θ2,t −∆θ2 + a21θ1 + a22θ2 = F1 in Q,
ϕj(T) = fj, θj(0) = 0 in Ω, ϕi = θj = 0 on Σ, j = 1, 2,
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Decaying-null control



z1,t −∆z1 + a11z1 = ĥχω − 1
µz3χω1 + g1 in Q,

z2,t −∆z2 + a21z1 + a22z2 = +g2 in Q,
−z3,t −∆z3 + a11z3 + a21z4 = αy1,dχωd + g3 in Q,
−z4,t −∆z4 + a22z4 = αy2,dχωd + g4 in Q,
zj(0) = 0, j = 1, 2 zk(T) = 0, k = 3, 4 zj = 0 on Σ, j = 1, 2, 3, 4.

Does there exists ĥ such that all the variables z1, z2, z3, z4 decay exponentially
to zero as t→ T?
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The result can be extended to a12(x, t) = b12(x, t) + εd12(x, t) with

b12(x, t) decaying exponentially to zero at t = 0, t = T

d12(x, t) decaying exponentially to zero at t = T

For a12 = 0 we can introduce more followers and get a Nash
equilibrium.

Work in progress for constant coefficients.
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¡Gracias!

Merci!

Thank you!
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¡Felicidades Assia!
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