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Degenerate parabolic operator of hypoelliptic type

A(x) = 0in Q, not > 0 everywhere

{ Of — div[A(Xx)VF] + b(t,x).VFf =1,(x)u(t,x) in(0,T)xQ
+ B.C. on (0, T)xT

L= Z}:l XJ? + Xo + ¢ where Xy, ..., X, are C first-order differential
operators and there exists n operators, among [Xj,, [X,,[..., Xj.]...]]
which are linearly independent at any given point x € €.

Ex of application : Boundary layers in fluids (Prandtl/Crocco egs).

Question :  Null controllability?  (usual sense)
Vfy € L2(R), there exists u € L2((0, T) x Q) such that f(T) =0

Comparison parabolic : Vw VT
hyperbolic : GCC, Tpin >0

Goal : Understand mechanisms on simple equations/geometries
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By Hilbert Uniqueness Method, ...

control system adjoint system
{ (0 + L)F(1) = w(t)1. { (- 6t+L*) £) =0
f(0)="1o g(T)=gr

@ approximate controllability in time T > 0 is equivalent to
unique continuation :

g=00n(0,T)xw = g=0inQr

@ null controllability in time T > 0 is equivalent to observability :

T
3Cr >0, gl < G [ [ le(t 0. ver e 12@).

0 w
Difficulty : No proof of appropriate Carleman estimates for observability
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o Grushin-type equations
e Heisenberg heat equation
e Kolmogorov-type equations
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PART 1 : Grushin-type equations

(90— 2 = X7 ) F(t.x,y) = L y)u(t,xy)  in@ 5 >0
f(t,.,.)=0 on 90

Q @

X

-1 0 1

Fory €N, L=X?+X? with xlz(é) and Xg:(0>

X, %] = ( o ) L P Xl = ( -1 )

Rk : Unique continuation holds ¥y > 0, Vw, VT > 0.
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_ 92 _ 2y 92 —
(G) . (at 8)( ‘X| ay)f lwu(taxay)
f(t,.,.) =0 on dQ 1

a
Thm : [KB-Cannarsa-Guglielmi 2012] %

o If v < 1 then (G) is controllable VT >0, Vw.

@ If y=1and w=(a,b) x (0,1) then (G) is controllable only in
large time : T, >0

@ If v > 1 then (G) is not controllable. v 1%
Thm : [KB-Miller-Morancey 2014] ~ > 1 ; x

]
@ If v =1 then T, = a%/2.

.

o
[
o
o
o

@ Otherwise, the null controllable initial conditions are functions
analytic in y, with L2-values in x such that

iy >1
S €207 [£9]2, < oo where d = { 1 7 .
neN* S-Tity=1,T<5%.
@ If w=(0,b) x (0,1) then (G) is null controllable VT > 0,Vy > 0.
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Proof when w is a strip : Fourier decomposition

y

g(t,x,y) = Z gn(t, x) sin(nmy)

(8? - 07 - |X\2v’8§)g =0 (Gy) { Oegn — 02gn + (n7)?|x|¥ gy = 0
g(t,..)=0 ondQ ga(t,£1) =0

Goal : ng(T x,y)?dxdy < Cfo [, &(t, x,y)?dxdydt

A Zn 1f 1gn T X)zdx CZ,, 1f0 f g,, t X)2dxdt
< Uniform observability of (G,;) wrt n :

1
/g,,Tx C//g,,tx )* dxdt
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Uniform observability when v € (0,1) or [y = 1,T large]

0ign — 0%gn + (n)?|x|*'g, = 0
gn(t,+1) =0

© Explicit decay rate for the Fourier components  (rescaling)

1 2 1
/g"(T,x)2dx<e*c"”””*t)/ gn(t,x)?dx, Vtel0,T]
1 1

. . . nT24(x)
@ Global Carleman estimates with weight e ®7—1

2T/3

1 T b
/ ga(t, x)%dxdt < eC"/ / ga(t, x)? dxdt
J—1 0 a

T/3

T ! 2 Cnfcnlii“rI T b 2
= 3 &n(T,x)°dx <e 3 gn(t, x)?dxdt
1 0 a

Cnfcn%vg — —ocowhen [0 <y <1]or[y=1,T >3/c]
Rk : The 2D-Grushin-equation is not conjugated by a weight fn!
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Proof when w is arbitrary

Lebeau-Robbiano's strategy : 0 =Ty < T; < ... < T; = T :

@ on [T}, T;11/2], one applies a control that steers the 2/ _first
components to zero,

@ on [Tj;1/2, Tj11], no control — dissipation.

[Benabdallah-Dermenjian-Le Rousseau 07]

Lebeau-Robbiano’s inequality : 3C > 0 such that VN, Vb € 2

27 2 N d
) b o= Yk < e
0 k=1 [

Key point :

2
dissipation N1+  >>> cost N and Lebeau-Robbiano's cst NV
— only when v < 1

2

dy

N
> bysin(ky)
k=1

N
> bysin(ky)
k=1
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No uniform observability when [y > 1] or [y =1, T < a?/2]

Consider the solution of the Grushin eq g,(t, x) := w,(x)e~*»* built with
the first eigenfunction

—w))(x) + (nm)?|x[2 Wy = Xawa(x), x€(-1,1), neN*,
wo(£1) =0, w,>0.

Then

b 2 22, T b e o
fofifa g"((;_’ X))zc:fth == 2\ — / w,(x)?dx < Ceclnl ™7 T g=2m g o
_18nl 1, X)70aX n a

converges to zero.

Key point : Agmon estimates with h = % and V(x) = |x|*

J(X)—

—RAw + V(x)w = Aw = w(x) < Ce™
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Minimal time and null controllable initial cdt : proof

0t8n — a)%gn + (n7r)2|x|27g,, =0
gn(t,£1) =0

Via 1D transmutation and lateral propagation of energy method on the
resulting 1D wave equation, we obtain the optimal cost estimate

1/2
-
gn(T)lli2(-1,1) < Ce 1 (f J gn(t7x)|2dx>
0 (—b,—a)U(a,b)

Paas

T if v>1,
where D:—{ WH‘;—T> S
2 y=1=1.

This proves :
@ uniform observability wrt n iff T > T, := a®/2 when v =1,
@ characterization of null controllable initial conditions :

lullfao.myxe) = D NtnllEao,myx(—1ay < D €€ M NE2pn)

nez nez
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Further results and open problems about Grushin equation

(0 — 02 — x> 02 ) F(t, x,y) = L(x, )t x, )

y
1

a @

-1 0

1

X

Generalizations to x € Q, y € Q, with coeff |x||?7b(x)

+ Inverse-source problem [KB-Cannarsa-Yamamoto 2013]

@ Open : v =1 and w arbitrary

@ Open : general geometry (Q,w)

@ v > 1: For given control support w and time T, the regularity of
initial conditions that are null controllable (with L2-controls)
depends on w and T — GCC : precise dependence ?
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PART 2 : Heisenberg heat equation

[(‘%—(6,(1 — é8)(3)2—(8)9 + %axs)z}g(t,xl,xz,xg = 1,u(t, x1, X2, X3)

2
1 0 0
L = X?4+X2 with X; = 0 Xo=1 1 (X1, Xo]=| 0
__ X2 X1 1

2 2

Fourier series in x3 lead to a 2D heat-equation with complex-valued
coefficients, on which the previous strategy fails.

Change of variables : x = x; y = x z=x3+ a2

(0 = 02— (x0. + 8,)?)g(t: x,y,2) = Lai(t, x, . 2)

This formulation is well adapted to Fourier transform in variables (y, z).
We will study this eq on

@ the rectangle (x,y,z) € (-1,1) x Tx T
@ the unbounded domain (x,y,z) € (—-1,1) x T xR
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Hy :J (0= 2 = (30 +0,)2)f(t.x.y. 2) = Luu(t x.y.2)
| f(t.+1,y.2)=0,

Thm : [KB-Cannarsa 2015]

@ On the rectangle Q = (—1,1) x T x T with w = (a, b) x w, x T,
@ On Q=(-1,1) x T x R with w = (a,b) X w, xR,

(H) is null controllable in large time Tpip > £ max{(1 + a)?, (1 — b)?}.

Remarks :
@ Unique continuation holds VT > 0  (Holmgren principle).

@ Tin is always > 0 and related to the distance between 92 and w.
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Key points of the proof

(0 = 92 = (x0. + 0,2 g(t; x,,2) =0, (x,y,2) € (~L,1) x T x T
g(tvj:lvyvz) = 07

Fourier series: y—neZ z—pEeZ

(8t — 92 + (px + n)2>g,,,p(t,x) =0, xe(-1,1)
&np(t,£1) =0,

clpl
: = :
© Decay rate Anp 2 { cn? if |n| = 2|p|

. . . T2y(x)
@ Optimal weight for Carleman estimates : el P =

With p fixed :
dissipation N> >>> cost N and Lebeau-Robbiano’s cst V

@ Lebeau-Robbiano's strategy wrt n, with p fixed : localization wrt y

T

@ Quantification of the cost el?/(ce=¢T) - yniform wrt p for large T
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Further results, open problems

(0 — 22— (x0. + 8,)?)g(t, x,y,2) = 0

@ Lipschitz stability estimate for the inverse source-problem
[KB-Cannarsa 2015]

@ Open problems :

o explicit value of the minimal time

o w arbitrary (localization in z)

e observability inequality with Q =R x T x T
An,p = c|p| (invariance under translation in x)
— no localization in y should be possible.

@ Conjecture : If the first Lie bracket is sufficient to satisfy
Hormander's condition, then null controllability holds in large time.
(without boundary)
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PART 3 : Kolmogorov-type equations

(at + v, — 85)f(t,x, v) = 1,(x, v)u(t, x, v)

* 2 . O V’y
For v € N7, L:X1+X0WIthX1:<1> andX0:< 0 )

~ linearizations of Prandtl and Crocco equations for fluids.

We will consider this equation on
@ the whole space : (x,v) € R x R with v =1
@ the rectangle : (x,v) € T x (—1,1)

e with Dirichlet boundary conditions in v, Vy € N*
e with periodic-type boundary conditions in v with v =1
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(at T8, — ag)f(t,x, v) = 1o(x, v)u(t, x, v)
Thm : [KB 2014 + KB-Helffer-Henry-Robbiano]  (x,v) € T x (—1,1)
@ Periodic/v 4+ (v = 1) : null controllable VT > 0, Vw,
@ Dirichlet/v + (w =T x (a, b))

e v =1 null controllable YT >0
e v =2 : null controllable only in large time : Tp,;, >
e v > 3 : not null controllable.

a2

2
Rk : Unique continuation holds V~, but not for all zero-order

C°-perturbation [Alinhac-Zuily 1980]

Thm : [Moyano-Le Rousseau 2015] v =1 (x,v) € R??  w=w, xw,
If both wy and w, satisfy

36,r >0/¥y e R, 3y’ € w,/B(y',r) Cwyxand |y —y'|| < 6.

then null controllability holds VT > 0.



Key points of the proof on the rectangle

(at + VIO, — a&)g(gx, V)=0 (x,v) €T x(-1,1)

Fourier series : x+— ne€ Z
(00 +inv? = 02)gaplt.x,v) =0 (x,v) € T x (~1,1)

© Decay rate : periodic/vand v =1: |n]? (explicit)
Dirichlet/v : |n|2%~ (subtle spectral analysis)

. . . T2y (x)
© Optimal weight for Carleman estimates : eV "l &=
Periodic/v and vy =1:
dissipation N> >>> cost /N and Lebeau-Robbiano's cst V
— observability Yw

Dirichlet/v :
dissipation N?/3 or /NT ~>>> cost V/N butnot L-R’scst NV
—> this strategy does not allow localization in variable x.
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Quantification wrt n of the decay rate of Fourier modes

Goal : 0,8, +invig, — 028, =0, ve(-1,1), gu(t,£1)=0

_2
=3K,c >0 lgn(t)lliz(—1,1) < KIIgdlliz—rpe ", Vn, ga(0)

After rescaling gn(t,v) = h(T = nﬁt,y = nzty v), R = n¥7, we need
Orh+iy’h—8h=0,y € (—R,R) h(r,£R) =0

=3dK,c >0 Hh(T)HL"’(fR,R) < KHho‘le(,RyR)eim— VR, hg

)

Strategy : From resolvent bounds to semigroup bounds
[Helffer-Sj6strand 2009] a quantitative Gearhardt-Priiss statement

Key points : The Davies operator (f% + iy2> on the whole line R and

.. . . . 2 .
the Dirichlet realization of the complex Airy operator —(g/—z + /y) on the

half line (0, c0) have discrete spectrum and ad hoc resolvent estimates.
For v = 1 : transformations y — +y + R only affect S(eigenvalues).
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Key ideas of the proof on the whole space

[Moyano-Le Rousseau 2015]
(8t + vy — 83)g(t,x, v)=0, (x,v)€R?

Fourier transform : x — £ € R

(at ity — 85)g§(t, V) =0, (x,v)eR?

© Decay rate : e=¢'*  (explicit solution)

T29(x)

@ Optimal weight for Carleman estimates : e\/mw—f)

dissipation N> >>> cost /N and Lebeau-Robbiano's cst V

Spectral inequality : There exists C > 0 such that, for every N > 0,

/ £ (x)2dx < eCN/ F()Pdx, ¥ € L2(RY)/Supp(F) C Baa(0, N)
]Rd

Wx
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Further results, open problems

(8t +v70, — 85)g(t7x, v)=0 (x,v)eTx(-1,1)

@ Conjecture : Null controllability does not hold with
w = (a,b) x (—1,1) and Dirichlet/v — GCC
Proof on a toy model 9, +— +/—A, : [KB-Helffer-Henry-Robbiano]

@ Characterization of null controllable data in term of Gevrey-2
regularity with w = T x (a,b) (optimal costs)

@ For given control support w and time T, the regularity of initial
conditions that are null controllable (with L2-controls) depends on
w and T. Precise dependence?

@ General geometry?  Direct 2D approach?
@ Without Fourier transform ? x0,

@ + degenerate diffusion (Linearized Crocco eq)
+ nonlinearity ...
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