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Problem formulation

Ul =Aui+b-Vu inQr=Qx(0,T)
ué’ =-V- (bul) — aup in QT
u =vlir onZT:E)Qx(O,T)

(u(+,0),d(-,0) = (L ¢') inQ.

o () C R" smooth bounded domain and I' C 9Q).
o u=(u,w), be C*°(ZR"),ae C®°(,R) .

o Exact controllability Issue: Let E be the energy space (to be
defined):

(2)(4) e mevan (45)-(4)
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o We set:
H=12(Q); V=H Q) xL*>(Q)
o V/ denotes the dual of V with respect to the pivot space H:
Ve H— V.

@ The adjoint problem writes:

q)”:Ago—i—b-Vl/J in Qr
Y= =V (bp) - ap in Qr
Q= on ZT

(@, > (,0)) = (@,@1) inQ)
for ® = (¢, 9).

@ As usual, it can be proved that the controllability issue is equivalent
to the observability inequality:

(@@ o € [ (24 6 m ) s
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Result statement

Theorem
LetT' =0Q) and T > 0. Assume that

3(x.8) €Ax{EER": g =1}, a(x) - (b(x)-8)? > 0.

Then the system

Ul =Aui+b-Vu inQr=Qx(0,T)
uf = =V - (buy) — au in Qr
u =vlir OIIZTIBQX(O,T)

(u(+,0),d'(-,0)) = («2 ') inQ.

is not exactly controllable in H x V'.

This result is a consequence of a noncontrollability result due to
Geymonat-Valente (2000).
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@ The question is then: does there exist a subspace of H x V' where
the exact controllability holds true?

@ We answer the question in the following special situation:

n =2 0=(01>%T={(xy) €Q:xy=0}
= (a,0) €R? a€]0,00].

In this case, the adjoint system writes

¢" = Ap+adyy in Qr
Y = —adyp — ayp in Qr
§0: on ZT .

(®(-,0),'(-,0)) = (@, ®!) in Q.
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@ The operator

—A  —undy
A:(aax i ),D(A):(H20H§)><HX1

where H! = {9 € [2(Q) : adyp € L2 (Q)}, is symmetric but not
closed in L2 (Q)) .

@ The closure of A (again denoted by A) in IL? (Q)) can be defined by:
¢\ _ A (@ +aA"toy)
A ( b > = < 3, + atp
D(A) = {(g.9)" € H(Q) x 12(Q) : p+ad "oy € H? (O)}

@ The injection D (A) — IL2 (Q)) is not compact: this gives rise to
essential spectrum.
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@ For p,g>1, let
2 2\ 2
Hpg = (PP + @) 7

and
q)pq(x,y) = 2sin(prtx)sin(qmy), (x,y) € Q= (0, 1)2

@ The operator admits the sequence of eigenvalues{A, .} U {a} defined

by:
e + " ae2pn?
Pa o Ppg T2 (qu_a) T Aatpie )

With Aiq is associated the eigenvector

+ _ (/\;q—a) ¢ ® aq)pq
\/(Aiq—a)2+(x2p2n2 P \/()\,jf,q—a)2+oc2p27r2 ox
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@ For the eigenvalue a, we have
Ker (A—aly) = {(0,0(y)):0 € L*(0,1)}.

Thus a € 0ess (A) .

@ Indeed, by direct computations or as a consequence of a result of
Grubb-Geymonat (1977):

Tess(A) = [a— a?, al.

@ Notice that:
+

A ~
P ()] o P
0 0€0ess(A) = I(progu) ENXIN:A, o — Jask — oo
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@ The last notations we will need is the following:
H* =span ({e;,, p.q >1}), H® =Ker (A—aly)
and for 6 € R,
H5:D<A5) HE = Hy M HE, HZ = Hyn H°.
@ We are now ready to set our main result:

Theorem

For every N € IN*, let us denote by H" " (resp. H", ) the Hilbert
subspace of H (resp. H_1,>) spanned by the e, , for1 < p,q < N. If
a < 2712, then there exists Ty = To (N, a) s. t for any T > Ty, the
system is exactly controllable in

(Ha O HT @ HN‘) X (Hj% ®HY, @ Hﬁ’l‘/2) .
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Noncontrollability: sketch of the proof (Valente-Geymonat)

o First step: As a consequence of a result of Grubb-Geymonat:

Lemma

For the selfadjoint operator defined on L% (Q)) by
—A(¢+A71b-Vy)
a(9)= (28t ).
D(A)={(p,9) € H} () x L2(Q): ¢+ A71b-Vy € H2(Q)},
we have

Tess (A) = {A (. 8) =2 () = (b () §)°, (x,§) €O X Sy}
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@ Second step:

Let (x*,8") € QA x Sp—1 and A" = A" (x*, ") € ess (A) . Then there is a
singular sequence {Ax = (¢, ¥, )} of A— A*ly such that:
e Ilmk_mo <AAk, Ak>12(0) = A*,

ad
Q CAy:= % +(b-v) ¢, — 0 in L?(T) strongly.
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@ This singular sequence is constructed in the following way:

6 € C5° (R") such that ||6]|,> = 1 and set

P (x) = k"2l =X)Eg (k (x — x*)), k> 1.

Then set

_ S 5 (PO
SN e (PO )

L2

let

where P is a suitable parametrix of —A, chosen in such a way that

the support of P (b- V) p, is close to the support of p,.

@ Note that the support of & is some neighborhood of x* for

sufficiently large k.
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Third step:
Consider the system satisfied by {®x = (¢,. ¢, )} :

B%de + Ad, =0, QT
¢, =0, LT
@, (0) = Ay, :®4 (0) =0, O

If A* > 0, it can be proved that

/ \C®k|2:/ aﬂ—i—(b-v)lp 2—>Oask—>oo
o7 sr| ov k '
while

[(Ak, 0)[| =1,

contradicting the observability inequality.
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Proof of the controllability result

It consists in proving:

Theorem

(/\ffl—a+uc2)2

_ Wz 2
Let'y—4\/mandT 1+2 W If a < 27m<, then for

any T > Ty there exists a positive constant C*(T) such that for all initial
data (q)o, Cbl) in (Hf/2 X H*) the solution of the adjoint system
satisfies the observability inequality:

| (@°, @) f( < CH(T //( +oa,bv1> dodt.
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The previous result is based on an adaptation to our case of the following
Ingham inequality:

Theorem (Mehrenberger 2009)

There exist 7y; > 0 and 7y, > 0 such that for every p, p’, g and ¢’ in N*

p=max(q,q') = |\/log £ g | 2 1119 £
g <max(p,p') = |\/lpg £ \/Foq| = V2 lPEP].

Moreover for any T > 271, /% = % there exists a positive constant
1 2
C(T) such that

2
T> Z (p2+q2) ‘ZP,Q‘z < Z/ Z P que\/ﬁ-i-ZP e Ve t) dt
p.q=1 geN*’0 | pelN*
2
+2/ Zq(zpqem‘i‘zpelypt) dt
pEIN* geIN*
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Comments and further results

@ Using exactly the same singular sequence previously constructed
following Valente-Geymonat, it could be proved:

Theorem

Let o C Q) and T > 0. Assume that

3(x,8) € O\@x (& €R": &) =1}, a(x) = (b(x) -£)* > 0.

Then the system

U =Aui+b-Vu+vl,

uf = =V - (buy) — aup
uy =0

(u(-,0),d'(-,0)) = (uo, u

)

inQr=Qx(0,T)
in Qr

on ZT =00 X (0, T)
in Q.

is not exactly controllable in V' x H (even if w satisfies the

Bardos-Lebeau-Rauch condition).
FAK (LMB)
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@ A similar positive result should hold on a subspace of the energy
space for the distributed control.

@ The noncontrollability result remains true for any other "reasonable"
boundary condition (obtained from Green's formula).

@ The essential spectrum does not depend on (reasonable) boundary
conditions.
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The associated parabolic control problem

uy=Ann+b-Vuy+wl, inQr=Qx(0,T)

up=—V - (bu) — aw in Qr
uy =vlir onZT:BQx(O,T)
u(-,0) = (uo, ul) in Q.

@ The general null-controllability problem is widely open: only some
special cases have been solved.

@ Conjecture: the boundary or distributed control problem should not
be null-controllable on 1.2 (Q)).

@ The proof of this negative result should work by contradicting the
observability inequality using a singular sequence.

@ A result of Guerrero-Imanuvilov (COCV:2013) goes in this direction.
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