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A system of Schrodinger equations with quadratic interaction

1
0w + — Au = v,
| 2m
1
] 10V + WAU = pu?,

u,v : complex - valued functions of (t,z) € R x R", A =07 +---+ 02,
Oy =0/0t, 0; =0/0z;, x = (x1, - ,Tp).
m, M > 0: masses

A, i € C: complex coupling constants

u(t,z) = u(t,x): complex conjugate
Basic Results on the Cauchy Problem, Ground States, == -
N. Hayashi, T. O, and K. Tanaka, Ann IHP, AN, 2013.

Small Data Scattering for n > 3
N. Hayashi, C. Li, and T. O, Differ. Equ. Appl., 2011.



Basic Identities (¢ € R)
2
lu@®)3 + cllo@®)l13 = [u(0)|13 + cllv(0)]13 + 2Imf0 (A = e) (o () [u?(t"))dt’,
1 2 ¢ 2
5 IVu)lz + 7 [[Ve)]2

= o[ Vu(0) 3 + 157 Vo(0)]3 - Re / ()] 0:(u) (1)) + (Do (t)) (1)) dt

Conservation Laws for Charge and Energy < dcg € R : A = ¢ 7

Qt) = u(®)|l3 + collv(®)]3.

B(t) = 5~ [Vu(d)[3 + 2 Vu(D)]3 + Re(Aw () (1))

Lagrangian Density under the Constraint of Coupling Constants : A = cgji
_ ) _ 1 _ _
L :i(m—uu)ju%(w—m)— —Vu-Vu - %vv-v@—v,

V =V(u,a,v,7) = pu’s + I av.



Characterization of Nonlinear Potential V by the Gauge Structure

Theorem 1 (G. Hoshino, T.O)
Let V :C > (u,u,v,v) — V(u,u,v,v) € R be a cubic homogeneous
polynomial with complex coefficients. Then :
(1) 3 € C:V(u,a,v,7) = pu’s + iu’v.
& (2) V0 e R, V(eu,etfu, e?%v, e2i%) = V(u, u, v, 7).

Proof. (2)= (1) :

V(u,@,v,0) = Y (Cou™ @035 4+ Cqu™ a2 v v™),
|a|=3 A
Q = (Ofl: g, (x3, 054) < Zz()? Oa c C.

(2) = a1 — a9 +2a3 — 204 =0, a1+ as+ az+ ag = 3.
= = (27 0: 0: 1): (09 23 13 0) = (1) with M= 0(2,0,0,1) + 0(0,21110)-
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Gauge Structure and Mass Resonance

1 2
(92u — —Au E'u: — — v,
2mc? 2m 2
N 1 Mc
L 2M 2 aQU’ — mA’U + 5 = —,u,u2. (Bachelot, Georgiev, D’Ancona, *-*)
2 : 2 _
= (ue,ve) = ("™ u, ™M) satisfy
1 1 ,
(?fuc — 10, — —Au, = _eit(Zm=M)c* AV g,
2mc?
11
57 Ot Ve — 104t — WA'UC = it (M=2m)c® 1,2 (M Tsutsumi, Machihara, Nakanishi, O, «+ -

—

M = 2m| Massresonance Condition = Nonrelativistic Limit

Galilei Invariance ; ;
S = () = U (82U (—1) = 2 +i—V = Mo (£)i —V Mo (~1),
t B M 5
U ()—exp(Z%—mA), Mn(t) = exp(i;|z]7).
T (V1) = Moi—V (M0 M)
= (MgmiiVMgnﬁv)a = U(MmiiVM;,lu) = 2(Jomv)ii — vdnu.
m

Jom (u ) MgmziV(M;}lu)Q = uMmiiVM;}u = ud,u.

2m m



Large Mass Behavior for Semi-Relativistic System (SRS)

— iOvu 4+ (m? — A2 = \a,
0+ (M2 — ANV 2y = .

= (U, vy, ) = (1M, e™My) satisty

I 10,y + ((M? — A 12 _m Uy = git(2m—M) N, U s
M

iy, + (M?% = A2 = Mw,, = e M=2m) 152

—

M = 2m | Mass Resonance Condition —> Infinite Mass Limit

F 1 1
m2 — A2 _ o O 12 _ . _ L2 L
(m? - A) (m? + |¢[?) —[¢]? + O(—)

I.E. Segal, Adv. in Math., 1976 ; Y. Cho and T. O, SIAM J. Math. Anal., 2006



SRS as a Hamilton System (under A = co[i)
E(u,v) = |[(m* = A)Y*ull3 + %OII(M2 — M)V |3 = Re(A(v[u?)).
E:HY2x HY? 5 (u,v) — E(u,v) €R
(HY? x HY?2) &2 gY2 5« HY? via ((u,0)|(¢, %)) = 2Re(ulp) + coRe(v|).
iOpu 4+ (m? — A)Y 2y = o,
iOvu 4+ (M2 — A2y = pu?.

(SRS)

—_—

& 0, (u) = JE' ('u,) as a Hamilton system in HY? x Hl/z, with J = 1.

(% (%

Conserved Quantities (under A = coji )

Q(u,v) = [lull3 + col[v]|3 : charge o L2
E(u,0) = [[(m? = ) ull3 + Z (M = A) 1[5 = Re(A(v]u?) : energy — H'/2



Global Cauchy Problem for a Semi-Relativistic System in 1D

T i0u+ (m? — A)V?%u = M,

(SRS) = idw + (M? — A2y = i’u?

Co
L u(0) = ug, v(0) = vg.
m, M > 0; ¢,> 0.

Difficulties : (m? — A)/2 and (M? — A)/? are nonlocal operators.

)

Massless Dirac system admits a special transformation (¢, x) — (¢t + x,t — x) and
has a special null structure. (Machihara, Nakanishi, Tsugawa, Bournaveous, ---)

Associated propagators exp (:lzii(?’?’b2 — A)l/ 2) have Strichartz type estimates
without extra regularity as the Klein-Gordon equation.

(gain of one derivative in Duhamel term)

The same as Dirac system (Escobedo, Vega, Machihara, Nakanishi, TO,
D’Ancona , -



Related Results on Global Well-posedness in 1D

10w + (m? — AV 2y = Nu)?u.
H?® with s > 1/2---Borgna, Rial, JMP, 2012 (H® — L)

HY?. .. Krieger, Lenzmann, Raphaél, ARMA, 2013 (Compactness, Yudovitch Argument)

—

iOpu + (m? — AV 2u = \aw,
0w — (M? — AYV/ 2y = iu2.

- Co

H?® with s > 0 --- Fujiwara, Machihara, O, CMP, 2015(Bourgain Method)



Candidates for Maximal Function Spaces of Global Well-Posedness

- From a scaling point of view in the massless case == - H Y2 x g=1/2,

-From a point of view from conserved quantities :

+L*x L?*  -+-charge Q(u,v) = [[ul|3 + collv]|3.
+H'/? x H'/? - energy E(u,v) = [[(m® = A)/*ul3 + Z|(M? = A)!/?0]|3 — Re(A(v]u?).
Perturbation Approach (Picard Iteration Scheme) Failsin H*® x H°with s < 1/2

There exist ug,vg € H? such that the first iterate

/0 t U, (t —t) (Um (Yo - Uns (t’)vo) dt' ¢ H*,

where U, (t) = exp(it(m? — A)Y/?).

A reminiscent of the result of Molinet, Saut, and Tzvetkov on the possibility of the
perturbation approach to the Benjamin-Ono equation (SIAM J. Math. Anal., 2001).
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Main theorem (with Fujiwara and Machihara) A € C, ¢g > 0.

V(ug,vo) € HY2 x HY? 3(u,v) € C(R; HY? x H/2)nCY R H™Y2 x H™1/%) .

— O + (m? — A)V?u = \aw,
100 + (M? — A)V20 = 242,

Co

(u(0),v(0)) = (uo, o).

Moreover, continuous dependence holds, 1.e.

(Un.0, n,0) — (uo,vo) in HY?2 « HY? a5 n — oo

= (un,vn) — (u,v) in L (R; H/? x H'/?) as n — .

loc
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Method of Proof

- Approximate solutions (’U»p, ’Up) with p > 0:

I u,(t) = Up () Jyug — i /Ot U, (t —t")J,(Ju(t’)Jyo(t"))dt,

I v,(t) = UM(t)Jpvo—i% /0 t Uni(t — '), (Ju(t')) dt,
where .J, = p(p + (—A)Y2)™1 (Yosida approximation).
(Ginibre, Velo, JFA, 1979 ; Segal, Bull. SMF, 1963)
{(up,v,)} : bounded in L (R; HY? x HY?),

Cauchy in L>®([-T,T|; L* x L*) VT > 0.
- Yudovitch (Vladimirov) type argument.

-Independent of compactness argument.
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Lemma 3C >0: Ve, € HY?R), Vp > 1,Yp > 0

(1= T) ()2 < Cp2 || (0, ) HY? x HYZ| M1/
[ ((1 — Jp)go, (1— Jp)@b); L2 x L2||1—1/P_
(Proof) ¥ = ff—1|ff<p| ng = 5'“—1|3‘¢|

11 = 2wl = € [ 18 (e = i 12

€ — 1l + In| - 2
C — dn; L
< II/,OJrlg T P& — ) l[v(n)|dn; Lg|

< 0| / S o = )l dm: 2]

p+ 1€ - |
el / Ul 1€ = mldnlan 2]
<cl1-7 ))w||2+c||<,o((1— D)2




Lemma p>1, a,b>0, f:[0,00) — [0,00) s.t.
t
flt) <a+ b/ F(s)'"Yrds, t>0.
0
= f <@+ 207, t20.

P

Corollary a =0, b= M(p) with M(p)/p — 0 (p — ), f:[0,00) — [0,00) s.t.
(1) < M(p)/o F(s)=YPds, ¢ 0.

p
= f(t) < (mt) — 0 (p — o00) on compact intervals.

P
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