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In this talk we will discuss special regularity properties of solutions to
the IVP associated to the k-generalized KdV equations.

(1)

o+ Pu+udu=0, z,t eR, kezZr,
u(z,0) = ug(x).
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Motivation

Linear Problem

S =10 teR
{atv—l_axv & S ) (2)

v(x,0) = vo(x) € H*(R).

The solution of (2) is given by the unitary group {V'(¢)}>_ defined via
the Fourier transform as

ol 1) = V(thu(a) = (¢5,) (2).

and satisfies
|V (t)vol

aer) = ||vol[mr=m)-
Thus, if vy ¢ H*(R), s’ > s, thenforall t € R, v(-,t) & H*(R).
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Nonlinear Problem

u(z,0) = ug(x) € H*(R).

If s > so(= —3), there exists a unique solution v of the IVP (3)

{8tu+8§’u+u8xu =0, z,teR

we C([-T,T): H*R))N...
with ug — u(-, t) continuous (smooth) for any 7' > 0.

Notice that if

uy € H*(R) with uy & H* (R), for s’ <"
—
u(-,t) € H'(R) but u(-,t) ¢ H'(R).
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Local smoothing

The solution of the linear problem can be written explicitly as

v(x,t) =V (t)vg = S; * vo(x) (4)
where | .
Sita) = 5 A 57) )

and A; denotes the Airy function

Ai(z) =c / e mEHEN3 ¢

o

which satisfies the estimate

3/2
—C.CI?+

|Ai(z)] < ¢ —=

TS r_ = max{—xz,0}.
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Strichartz estimates

Solutions of the linear problem (2) satisfy

1DV (t)vol| oz < el|voll 2 (6)
where (¢,p) = (5727, 55), 0 € [0,1] and « € [0,1/2].

O(a+1)
In particular, we have
1DV (t)voll i < ellvolle,

and
|V ()vollpses < ellvol| e

The estimate (6) was established by Kenig, Ponce and Vega.
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Kato smoothing effect

Suppose x € C™°(R), increasing, positive with x’ € C;°(R), x' > 0.
After multiplying the equation in (3) by uy and integration by parts one

gets
d 3 2.1
— - 7
dt/ux+2/(5x’w)x 2/ux +3/ (7)

If uy € L*(R), then the solution u of IVP (3) satisfies
we C(-T,T]: L*(R))N ... and d,u € L*([-T,T] x [-R, R]).

This result was extended by Constantin-Saut, Sjélin, Vega.
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Kenig, Ponce and Vega proved that solutions of the linear problem (2)

satisfy
/ 0,V (#)uo ()2 dt = / uo(y)Pdy, Yz eR.

(Homogeneous Smoothing Effect)

On the other hand, if we consider the inhomogeneous linear problem,
the solution satisfies

rerz < cllg LLL2-

t
08 [ Vit~ #)gle.t) de
0

(Inhomogeneous Smoothing Effect)

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Suppose now that we have y = x(z, 1)

1
%/uzx — /uzé’tx+§/(8xu)26’xx — §/u28§’X =0
T ——

B
/u2 (@X + 8§)<> dr =0
X(x,t) = et

Opx = d'(t)zx
Ox =~ ala — 1) (e — 2)z3" P (a(t))*x

Qo
(1+ 27adt /4)1/2

3la—1)=a < a=3/2 and a(t) =
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Theorem 1 (Isaza-L-Ponce (2014)). Let ay be a positive constant. For
any given data

uy € L*(R) N L2(e“°x3+/2d:1:),
the unique solution of the IVP (3) satisfies that for any T > 0

Sup/ e“(t)mi/z\u(a:,t)\2dx§6'*

t€[0,T
C* = C*<CLO, HUO||2 ||€a0 + /QUOHQ, ) with

(t) o
a = .
(1 + 27a2t/4)'/2
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We observe that this is sharp in the sense of following result by Escu-
riaza, Kenig, Ponce and Vega:

Theorem A (EKPV (2006)). There exists c, > 0 such that if a solution
u € C([0,1] : HY(R) N L*(|z|*dx))
of the IVP (3), satisfies
u(-,0), u(-,1) € L2(ec””“’i/2d:13),
then u = 0.

Above we used the notation: x, = max{x; 0}.

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Propagation of Regularity

Let us assume that we have a datum u, € H¥*"(R) whose restric-
tion belongs to H'((b,0)) for some | € Z" and b € R we shall
prove that the restriction of the corresponding solution u(-, t) belongs

to H'((8,00)) forany 8 € Rand any ¢t € (0,7).
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We start defining the class of solutions to the IVP (3) for which our
results apply. We shall rely on the following well-posedness result:

Theorem B (Kenig-Ponce-Vega). If u, € H** (R), then there exist
T = T(|Juoll3/4+ 2; k) > 0 and a unique solution of the IVP (3) such
that

i) we(-T,T): H¥* (R)),
(i) O € LY[-T,T]: L™(R)), (Strichartz),

T
(1) SUP/ [T Oz, t))?dt < oo for re0,3/47], (8)
T

€T —

(iv) / sup |u(z,t)]*dx < oo.

oo —T'<t<T

Moreover, the map data-solution, u, — wu(x,t) is locally continuous
(smooth) from H3/**(R) into the class defined in (8).



Our first result is concerned with the propagation of regularity in the
right hand side of the data for positive times.

Theorem 2 (Isaza-L-Ponce(2015)). If u, € H** (R) and for some
leZ", | >1andxz, € R

I (9inHiz<<xo,oo>> = / |0, uo(2)Pdx < oo,

o

then the solution of the IVP (3) provided by Theorem B satisfies that
foranyv > 0 ande > 0

sup / (O7u)?(z,t)dr < c,
0<t<T Jxpt+e—vt

fOI’j = O, 1, ce ,l with ¢ = C(l, “UO“3/4+’2; H ainHIP((xo,oo)); v; € T)

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



In particular, for allt € (0,T), the restriction of u(-,t) to any interval
(g, 00) belongs to H'((x, 00)).
Moreover, forany v > 0,e > 0and R > 0

zo+R—uvt
/ / (O ) (2, t) dxdt < c,

o+e—vt

with ¢ = c(I; ||uol| ;|| OLwoll r2((we00)); V; € B T).

3/4t 27

Thus, this kind of regularity moves with infinite speed to its left as time
evolves.
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Remark 1. It can be deduced from our proof of Theorem 2 that the
inequality (2) can be more precise i.e. for6 > 0 andt € (0,1) and
g=1,....,1

% 1 .
|y ndr <5
oo (T
with

¢ = c([Jugllspat 23 10200 || L2((wpr00): To3 6).

(On question of K. Nakanishi)
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Our second result describes the persistence properties and regularity
effects, for positive times, in solutions associated with data having
polynomial decay in the positive real line.

Theorem 3 (Isaza-L-Ponce (2015)). If u, € H** (R) and for some
nez, n>1,

" il = [ 1@l lula)fdz <00, ()

then the solution u of the IVP (3) provided by Theorem B satisfies that

Sup / l2"| Ju(z, )| do < c (10)
0

0<t<T

with ¢ = c(n; HUOH3/4+,23 | fn/QUOHB((O,OO))? T).
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Moreover, foranye, 0, R > 0,v >0, m, j €Z", m+j<n,m>1,
sup / (07u)?(x,t) 2, da

0<t<T vt

R—vt
/ / (07 ) (z,t) 27 dadt < c,

with ¢ = c{n; luallys o || 2 2ol x0,0: T 83 R )
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As a direct consequence of Theorem 2 and Theorem 3, the above
comments and the time reversible character of the equation in (3) one
has:

Corollary 1. Let u € C([-T,T] : H**'(R)) be a solution of the
equation in (3) described in Theorem B. If there exist m € Z*, t €
(=T,T), a € R such that

a:T“(? E) ¢ L2((CL, OO)))

then for anyt € [—T,1) and any 3 € R

Oy'u(-,t) ¢ L*((8,00)), and «"u(-,t) ¢ L*((0,00)).
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As a consequence of Theorem 2 and Theorem 3 one has that for an
appropriate class of data the singularity of the solution travels with
infinite speed to the left as time evolves. In the integrable cases k& =
1, 2 this is expected as part of the so called resolution conjecture.
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Consider the class Z,, = H*(R) N L*(|z|"dx) r, s > 0. Isaza-L-Ponce
(2014) showed that the solution flow associated to the KdV equation
preserves this class if and only if s > 2r.

Corollary 2. Given uy € H*(R), s > 3/4". If the corresponding solu-
tion of the KdV equation satisfies that for some m > (

ul-, 1) € L(Jo[" da)

and
u(-,ty) € L*(|Jz_|" dx)
with t1 < 1y, then
u € C(R: H*™(R)).
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Idea of the Proofs

We construct a class of real functions x, () fore > 0 and b > 5e

such that

Xow € C7(R), X, =0,

0, = <e,

Xoos(T) = {17 e b

with
supp X,,, < [€,00), supp x; (@) C €, ],
and
X;b@) > (b—3e¢)”" Lizep—2e(2),

Thus

X:),e/?),b—i-e(x) Z C.] ’X(():Qb(x)‘) \VICE‘ E R, \V/] 2 1
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We shall use an induction argument. First, we shall prove (2) for[ =1
to illustrate our method.
Formally, take partial derivative with respect to x of the equation in (3)

and multiply by 0,ux,_,(z + vt) to obtain after integration by parts the
identity

%% /(ﬁxu)Q(x, t)xo(x + vt)dr — v /(8xu)2(x, t)xo(x + vt) dx

A 7
~"

+2 [ @, i+ o) do - - @, o+ ot da

A= g
"

As

+ /Gm(uﬁxu)ﬁmu(a:, t)xo(x + vt)dz = 0.

7

Ay
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Remarks
Consider the IVP for the mKdV
{3tu+83u+u28 u=0, z,t€eR,

(,0) = uo(x)

which is also an integrable system.

(11)

We will see that the statement the singularity of the solution travels to
the left is not a precise one.
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We recall a result that can be obtained as a consequence of the ar-
gument given by Bona and Saut.

Theorem 4. There exists
uy € H'(R) N C™(R)

so that the solution u(-,t) of the IVP (11) u € C(R : HY(R)) N ...
satisfies
u(-,t) € C'(R), t>0, t&7Z",

u(- 1) € CHR\{O)\C'(R), t€ Z". (12)
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The argument of Bona-Saut is based on the asymptotic decay of the
Airy function and the well-posedness of the IVP (11) with data wu(z)
in appropriate weighted Sobolev spaces.

This argument was simplified (for the case of two points in (12)) for the
modified KdV equation by L-Scialom without relying in weighted spa-
ces. A direct proof of Theorem 4 can be given following the approach
used by L-Scialom.



Our method can be extended to 1V *”-setting. Indeed,

Theorem 5 (L-Ponce-Smith (?)). Letp € (2,00)andj > 1,j € Z™ .
There exists
uy € HY*(R) N WP(R) (13)

such that the corresponding solution
we C([-T,T): H¥*R))N...
of (3) satisfies that there existst € |0, T such that
u(-, =t) ¢ W/P(R"). (14)

Remark. It will follow from our proof that there exists u, as in (13) such
that (14) holds in R~. Hence, the regularities in W7 ?(R) for p > 2 do
not propagate forward or backward in time to the right or to the left.
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Extensions

Results regarding propagation of regularity (similar to Theorem 2)
have been extended for solutions of the IVP associated to

e the Benjamin-Ono equation
O — HOv + v0,v = 0 (15)

where H denotes the Hilbert transform.

e the (Kadomtsev-Petviashvilli) KP Il equation

Ow + Bw + 0, ' djw + wd,w = 0 (16)

where

o~

071 f (&) = —ie™' (&),
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Hence, it is natural to ask if this propagation of regularity phenomenon
is intrinsically related to the integrable character of the model.

Indeed, for the k-generalized dispersive BO equation,
Ou + uFo,u — (—8§)a/26xu =0, keZ", 1<a<?2,

which for &« = 1 corresponds to the k-generalized BO equation and
a = 2 to the k-generalized KdV equation, the propagation of regu-

larities (as that presented in Theorem 2) is only known in the cases
a=1and a = 2.
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This fact seems to be more general. In particular, it is valid for soluti-
ons of the general quasilinear equation KdV type, that is,

{&u + a(u, O,u, 0*u) O*u + b(u, d,u, 0*u) = 0, (17)

u(z,0) = uo(),
where the functions a,b : R® x [0, 7] — R satisfy:

(H1) a(-,-,-) and b(-,-,-) are C* with all derivatives bounded in
[—M, M]?, forany M > 0,

(H2) given M > 0, there exists k > 0 such that

l/k < a(z,y,2) < & forany (z,y, 2) € [-M, MP,
and
0.b(z,y,z) < 0for (z,y,2) € [-M, M]*.
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To establish the propagation of regularity in this case we shall follow
the arguments and results obtained by Craig, Kappeler and Strauss.
Under the hypotheses (H1) and (H2), they showed

Theorem C (CKS). Letm € Z*, m > 7. Forany uy € H™(R), there
exist'T = T(||u||72) > 0 and a unique solution u = u(x,t) of the IVP
(17) satisfying,

u € L>(0,T]; H"(R)).

Moreover, forany R > 0

T
// (0" w)?(x, t) dadt < oo.
0
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We need some (weak) continuous dependence of the solutions upon
the data. Hence, we prove the following “refinement” of Theorem C.

Theorem 6 (L-Ponce-Smith (?)). Letm € Z*, m > 7. For any uy €
H™(R) there exist T = T(||ugl|z2) > 0 and a unique solution u =
u(x,t) of the IVP (17) such that

w € C(0,T): H™°(R)) N L>([0,T] : H™(R)), forall § >0, (18)

with
o e L*([0,T] x [-R, R]), forall R > 0. (19)

Moreover, the map data solution uy — wu(-,t) is locally continuous
from H™(R) into C([0,T] : H™°(R)) for any ¢ > 0.



Theorem 7 (L-Ponce-Smith(?)). Letn,m € Z*,n > m > 7. Ifuy €
H™(R) and for some x, € R

dHuy € L*((x9,00)) for j=m+1,...,n.

Then the solution of the IVP (17) provided by Theorem 6 satisfies that
foranye > 0,v > 0,andt € [0,T)

| 1ot ) da

To+e—vt

(20)
< c(e v; ||ug||m,2: HaglcuOHL?((:co,oo)) l=m+1,...,n),

fory=m+1,...,n.
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Theorem 7 tells us that the propagation phenomenon described in
Theorem 2 still holds in solutions of the quasilinear problem (17).

This result and those in KdV, BO, KPIl equations seem to indicate
that the propagation of regularity phenomena can be established in
systems where Kato smoothing effect can be proved by integration by
parts directly in the differential equation.

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



A different kind of propagation of regularity
Next we consider the propagation of regularities in solutions to some
related dispersive models.

We choose the IVP associated to the Benjamin-Bona-Mahony (BBM)
equation

{@u—k@u—i—u@u—@i@tu:& x,t €R, 21)

(,0) = uo(z)
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We recall the local well-posedness for the IVP (21) obtained by Bona
and Tzvetkov

Theorem D. Let s > 0. For any vy € H*(R) there exist T =
T(||uo||s2) > 0 and a unique solution u of the IVP (21)

ue C(0,7T): H'(R)) = X7.

Moreover, the map data-solution u, — u(-,t) is locally continuous
from H*(R) into X..
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For the IVP (21) we prove that

Theorem 8 (L-Ponce-Smith (?)). Let uy € H*(R), s > 0. If for some
keztu{0},0¢€[0,1),and) C R open

k+6
U,O|Q eC )

then the corresponding solution v € X7 of the IVP (21) provided by
Theorem D satisfies that

u(-,t)|, € C*** forall t € [0,T].

Moreover,
u, Ou € C([0,T] : C*H(Q2)).
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Remarks.

e Theorem 8 tells us that in the time interval [0, T in the C**? setting
no singularities can appear or disappear in the solution u(-, t).

In particular, one has the following consequence of Theorem 8
and its proof:

Corollary 3. Letuy € H*(R), s > 0. Iffora < xy < b, k € ZTU{0}
andf € [0,1)

k+6 k+60
U0|(a7$0), u0|(w0,b) c(C + and uo‘(a,b) ¢ C + ,

then the corresponding solution v € Xj;. of the IVP (21) provided
by Theorem D satisfies

u(-,t)|(a7x0), u(-,t)}(xo,b) e C*% and u(-,t)} ab) ¢ CHP.

(
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e Theorem 2, Theorem 4, Theorem 8, and Corollary 3 show
that solutions of the BBM equation and the KdV equation exhibit
a quite different behavior regarding the propagation of regularities.
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Further results

We also proved similar type of results for the Degasperis-Procesi
equation

Oyu — Qfﬁtu + 4ud,u = 38xu8§u + u@i’u, reR, t>0,

and the 1D Brinkman model

aup = 0,(p(1 — 2)10,(pY), TER, >0,
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Thanks for your attention




