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Toy example, unbounded state-dependent delay:

x'(t) = g(x(t = d(x(1))))
g:R—Randd:R— [0,00) cont diff

X' (t) = f(x)
f:Clo>U—R" C= C}(~00,0],R") (no norm)
x¢(s) = x(t +s) for s <0
Solution on (tg, t1), to < t; < 00,

x 1 (=00, t1) — R"” cont diff, x; € U for ty < t < ty,
X'(t) = f(x¢) for to < t < t7.
IVP

X'(t)=f(x) for t>0, xo=2¢ (1)
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The IVP (1) in a Banach space (W, 2012)
Fix a > 0. B, C C given by

lim ¢(t)e® =0

t——o0

Bl c C! given by ¢ € B, and ¢’ € B,.

Hypotheses: f : Bl D U — R" cont diff with

(e) linear extensions D.f(¢) : B, — R" of Df(¢), ¢ € U, and

U x B;3 (¢,x) — Def(¢,x) € R"

continuous,
- compare almost Fréchet differentiable,

Mallet-Paret, Nussbaum, Paraskevopoulos (1994)
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there are a neighbourhood N C U and r > 0
such that for all ¥, x in N,

¥(s) = x(s) on [-r,0]) = f(¢) = f(x)-

(no counterpart for constant delay)

Then
Xr={p € U:¢'(0) =f(4)}

is a Cl-submanifold, codim Xs = n,
IVP (1) defines a continuous semiflow on X, (t,®) — x?,
cont diff solution operators ¢ — xf’, t>0

At stationary points o € X¢, W5 and W'
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Extension (W, 2013) to nonautonomous eqs x’(t) = f(t, x¢),

t
X'(t) :/ ..., Volterra
0
X'(t) = ax(A\t)+ bx(t), 0<X<1, pantograph

Deficiency - Bl misses many solution segments:

Almost all eigensolutions t — R e of

y'(t)=ay(t-r)

grow too fast at —oo
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? IVP (1), cont diff solution operators on a manifold in C* ?

Calculus in Fréchet spaces : g : F D U — G cont diff (MB) iff all

Delu)v = lim +(g(u+hv) — g(u)) € G

exist with
UxF>(u,v)— Dg(u)veG continuous

In infinite dim Banach spaces, weaker than cont diff (Fréchet)
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Reference for calculus in Fréchet spaces : R. S. Hamilton,
The Inverse Function Theorem of Nash and Moser, 1982
Hypothesis

f:Cl > U— R" cont diff (MB), (e) holds

Then (W, 2015)

Xr={p e U:¢(0)=f(¢)} Cl-submanifold, codim X¢ = n,
IVP (1) defines a cont semiflow on X, S(t,¢) = x¥
with all 5(t,-) cont diff

Remark: D1S(t, ¢) only at ¢ € C?((—oc,0],R")
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o € X stationary point of S, o : (—00,0] — R" constant

A further hypothesis - preparations: From (Ibd),

open nbhd N of oin U and d >0

C} = C}([-d,0],R"), Banach space

R:C'> ¢~ ¢|_g0 € Cj restriction, linear, cont, onto
04 =def Ro

P: C} — C! prolongation,

Px(t) = x(—d) + x'(—d)(t + d) for t < —d, linear, cont
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Open nbhd Uy of o4 with PUy C N

fa: CE D Uy — R, fy(x) = f(Px)
Hypothesis : fy cont diff (F)

- is mild, see toy example

Consequence: fy has prop (e) and (W, 2003)

IVP
X'(t) = fy(xt) for t>0, xo=1x

(segments on [—d, 0]) defines semiflow Sy on
Xag = {x € Ug: xX'(0) = fu(x)}
Stationary point oy

W5 (and WY, WY) ((Krishnan, 1998); Krisztin, W (< 2006))
codim W35 = n+dim W) +dim W
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A stable manifold W* for S at o € X :

For some open neighbourhood V C N of o,

W* =ger VO RIWS

is a Cl-submanifold with
T,W*=RT, WS

because of transversality RC! + T, W35 = C} and codim W5 < oo
Proposition: g : F D O — G cont diff (MB),

M C G C!-submanifold, codim M < oo,

Dg(x)F + TguyM = G =

for some neighbourhood N of x,

N N g=Y(M) C'-submanifold, same codimension, ...
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Properties of W* : W* C X,

locally positively invariant,

ToW? = stable space 7! of linearization of S at ¢
For solutions of IVP (1) with xg = ¢ € W?,

x(t) — o(0) exponentially as t — oo

Segments x; ~ o of solutions of x(t) = f(x;) with

x(t) = o(0) (t — oo) exponentially belong to W?*
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An unstable manifold for S at 0 € X :
Preparations: o€ B}
Inclusion J : B} — C?! linear, cont
B; E> C; linear, cont
Open neighbourhood U, of o in B} with JU, C N, RU, C Uy.
f: BY > U, = R",
fa(¥) = F(JY) = F(PRY) = fa(R)  (by (Ibd))
f, cont diff (F), (Ibd), (e)
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IVP
X'(t) = fa(xt) for t>0, xo=1

defines semiflow S, on X, = {¢ € U, : ¢'(0) = f,(¢)}
Stationary point o € X,

(WS and) WU ofS,atoe X,

W' = w(Yauc)

W:YauD Yaue— B! cont diff (F), parametrization

Yaue small ball, center 0, in Y, , = T, W},

WY =ger IWY = Iw( Y ue)
Cl-submanifold of C! because of

J o Dw(0) injective and dim Y, , < .
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Proposition: j : E D O — G cont diff (MB), dim E < oo,
x € O, Dj(x) injective

= for some open neighbourhood O, of x in E,

j(Oy) Cl-submanifold of G, same dimension, ...
Properties of WY :

wec X

T,W" = the unstable space (?!) of linearization of S at 0 € X
Each ¢ € WY solution of x'(t) = f(x¢) on (—o0, 0] with
¢(t) = o(0) (t - —o0) exponentially

Solutions of x'(t) = f(x;) on (—o0, 0] with

x(t) = o(0) (t - —o0) exponentially

have x; € WY for t sufficiently close to —oo
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Center manifolds for S at 0 € X — by a third approach
Thank you !
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