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Plan of this lecture:

1 Primary versus secondary invariants
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Primary versus secondary invariants

rho-invariants are, originally, numeric invariants attached to Dirac
operators (Atiyah-Patodi-Singer, Cheeger-Gromov)

they are of particular interest in geometric questions; e.g.
• they allow to distinguish metrics of positive scalar curvature (PSC);
• they allow to distinguish differentiable manifolds that are homotopic
equivalent

from above it is clear that rho invariants are secondary invariants

this talk is about rho-classes in K-theory and their use in geometric
questions.

talk based on joint work with Thomas Schick (and work of many
others).
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Heuristic definition of rho-class

(M, g) is a manifold with an isometric, free and cocompact action of
a discrete group Γ. For simplicity we assume BΓ finite.

we also have a Γ-equivariant Dirac type operator D

assume there is a geometrically defined exact sequence of C ∗-alg.

0→ I → A→ A/I → 0

we then have

· · · → K∗(A)→ K∗(A/I )
δ−→ K∗+1(I )→ · · · .

In geometric examples one can produce the following data:
- a fundamental class [D] ∈ KdimM+1(A/I );
- an index class Ind(D) := δ[D/g ] ∈ KdimM(I );
- a natural lift of [D] ∈ KdimM+1(A/I ) to an element in KdimM+1(A)
if it happens that Ind(D) = 0

•−→Such a natural lift is called a rho-class.
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Higson-Roe analytic surgery sequence

we choose the short exact sequence of Higson-Roe;

0→ C ∗(M)Γ → D∗(M)Γ → D∗(M)Γ/C ∗(M)Γ → 0

we get

· · · → K∗(D∗(M)Γ)→ K∗(D∗(M)Γ/C ∗(M)Γ)
δ−→ K∗+1(C ∗(M)Γ)→ · · ·

Paschke duality: K∗(D∗(M)Γ/C ∗(M)Γ) ' K∗+1(M/Γ)

Also, in this case: K∗(C ∗(M)Γ) ' K∗(C ∗
r Γ)

these groups behave functorially. So, if ũ : M → EΓ is a Γ-equiv.
classifying map then we can use ũ∗ to map to the universal HR
sequence:

· · · → K∗(D∗
Γ)→ K∗(BΓ)

δ−→ K∗+1(C ∗
r Γ)→ · · ·

where D∗
Γ := D∗(EΓ)Γ. It turns out that δ is the assembly map.
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Index and rho-classes I

we fix a chopping function χ: a smooth odd function → ±1 as
x → ±∞. Notice that χ2 − 1 ∈ C0(R).

from the finite propagation property of exp(iDt) we have
χ(D) ∈ D∗(M)Γ and that φ(D) ∈ C ∗(M)Γ if φ ∈ C0(R).

So χ(D) is an involution in D∗(M)Γ/C ∗(M)Γ

let n := dimM be even; for the Dirac bundle E = E+ ⊕ E−

[D]:= [U∗χ(D)+] ∈ K1(D∗(M)Γ/C ∗(M)Γ) = K0(M/Γ), with U a
suitable (local) unitary operator L2(M,E+)→ L2(M,E−).

if n is odd [D]:= [ 1
2 (1 + χ(D)] ∈ K0(D∗(M)Γ/C ∗(M)Γ) =K1(X/Γ).

Ind(D) = δ[D] ∈ Kn(C ∗(M)Γ), n = dimM, is the index class.

(it coincides with all possible definitions (e.g. : Mishchenko-Fomenko,
Connes-Skandalis, etc))
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Paolo Piazza (Sapienza Università di Roma). Indomitable rho-invariants Luminy, November 2015 6 / 22



Index and rho-classes II

If D is L2-invertible and χ = 1 on the positive part of the spectrum,
then we can define the rho classes in Kn+1(D∗(M)Γ)

ρ(D) = [U∗χ(D)+] and ρ(D) = [
1

2
(1 + χ(D)] .

(same definition as for [D] but now no-need to work in the quotient).
Notice that if n is odd then ρ(D) = [1/2(1 + (D/|D|)] = [Π≥(D)]
we also get the universal rho classes ρΓ(D) := ũ∗ρ(D) in Kn+1(D∗

Γ)
If we only know that Ind(D) = 0 ∈ Kn(C ∗(M)Γ) then one can prove
that it exists a perturbation C ∈ C ∗(M)Γ such that D + C is
L2-invertible.
one can prove that χ(D + C ) ∈ D∗(M)Γ

we can define ρ(D + C ) ∈ Kn+1(D∗(M)Γ) as before; for example if n
is odd

ρ(D + C ) := [
1

2
(1 +

D + C

|D + C |
]) ≡ [Π≥(D + C )] ∈ K0(D∗(M)Γ).

notice that ρ(D + C ) does depend on C .
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Example 1: rho-class of a Positive Scalar Curvature metric

assume now that M is spin, dimM = n and that g is of PSC.
then the spin-Dirac operator D/g is L2-invertible
we can define ρ(g) := ρ(D/g ) ∈ Kn+1(D∗(M)Γ)
we also have the universal rho-class ρΓ(g) := ũ∗(ρ(D/g )) ∈ Kn+1(D∗

Γ)
it is possible, but definitely non-trivial, to show that the two classic
numeric rho-invariants attached to g are obtainable from ρΓ(g)
this is work of Higson-Roe for the APS rho invariant and
Benameur-Roy for the Cheeger-Gromov rho invariant ρCG(g)
in the past these numeric invariants proved to be extremely useful.
Let M be the universal cover of X , Γ = π1(X ), R+(X ) 6= ∅:

Theorem

(P-Schick, 2007): if X has dimension 4k + 3 and π1(X ) is not torsion-free
then there are infinitely many metrics of PSC that are non-bordant (and
thus non-concordant and thus non-pathconnected); they are distinguished
by the Cheeger-Gromov rho invariant ρCG(g).
In fact |π0(R+(X ))/Diffeo(X )| =∞.
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Fundamental properties of ρ(g) and ρΓ(g)
Question: can one improve on the previous theorem using the rho class
ρ(g) ? Here is a crucial ingredient in that direction:

Theorem

The universal rho-class defines a group homomorphism

ρΓ : Posspin
n (BΓ) −→ Kn+1(D∗

Γ)

Here is the definition: ρΓ[Y , u : Y → BΓ, gY ] := ρΓ(g) where g is the
PSC metric induced by gY on M := u∗EΓ.
Proof: in a moment.

More generally: if Z is a compact topological space with π1(Z ) = Γ and
universal cover Z̃ (for example Z is equal to our X ) then the rho-class
defines a group homomorphism ρ : Posspin

n (Z ) −→ Kn+1(D∗(Z̃ )Γ).

Similarly, one can consider the set P(X ) of concordance classes of PSC
metrics on X ; it has a group structure and ρ : P(X )→ KdimM+1(D∗(X̃ )Γ)
defines a group homormorphism.
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Here is the definition: ρΓ[Y , u : Y → BΓ, gY ] := ρΓ(g) where g is the
PSC metric induced by gY on M := u∗EΓ.
Proof: in a moment.

More generally: if Z is a compact topological space with π1(Z ) = Γ and
universal cover Z̃ (for example Z is equal to our X ) then the rho-class
defines a group homomorphism ρ : Posspin

n (Z ) −→ Kn+1(D∗(Z̃ )Γ).

Similarly, one can consider the set P(X ) of concordance classes of PSC
metrics on X ; it has a group structure and ρ : P(X )→ KdimM+1(D∗(X̃ )Γ)
defines a group homormorphism.
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Example 2: the rho class of a homotopy equivalence

assume now that X
f−→ V is a homotopy equivalence. u : V → BΓ is

the classifying map for V .

We have a Γ-covering Z̃ on Z = X t (−V ), Z̃ = f ∗Ṽ t (−Ṽ )

Classic: the associated signature index class Ind(D) is equal to zero in
K∗(C ∗(Z̃ )Γ) (Mishchenko, Kasparov, ..., Hilsum-Skandalis).

we are in the position of defining a rho-class

there is a natural Cf ∈ C ∗(Z̃ )Γ such that D + Cf is L2-invertible

il s’ agit de la célèbre perturbation de Hilsum-Skandalis

we then have a class ρ(D + Cf ) ∈ K∗+1(D∗(Z̃ )Γ)

there is an obvious equivariant map φ̃ : f ∗Ṽt → (−Ṽ )→ Ṽ

Definition

Let X
f−→ V be a homotopy equivalence. We define

ρ(f ) := φ̃∗(ρ(D + Cf )) ∈ K∗+1(D∗(Ṽ )Γ) and ρΓ(f ) := u∗(ρ(f ))

This is a variant of a fundamental definition due to Higson and Roe.
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Fundamental properties of ρ(f ) and ρΓ(f )
One can appeal to Higson-Roe and Benameur-Roy and see that from
ρΓ(f ) we can extract the classic Cheeger-Gromov invariant.

The latter is
fundamental in proving the following

Theorem

(Chang-Weinberger) If V is a compact oriented manifold of dimension
4k + 3, k > 0, such that π1(V ) = Γ has torsion, then there are infinitely
many manifolds that are homotopic equivalent to V but not diffeomorphic
to it. They are distinguished by the Cheeger-Gromov rho-invariant.

Crucial in above theorem is the use of (part of) the surgery exact sequence
in topology.
In this direction we have:

Theorem

Let S(V ) be the structure set of V . Then there are well defined maps

ρ : S(V )→ K∗+1(D∗(Ṽ )Γ) and ρΓ : S(V )→ K∗+1(D∗
Γ)

Proof: later.
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Elements in S(V ) are equivalence classes [X
f−→ V ] with f an orientation

preserving homotopy equivalence.

(X1
f1−→ V ) ∼ (X2

f2−→ V ) if there is an h-cobordism X between X1 and X2

and a map F : X → V × [0, 1] such that F |X1 = f1 and F |X2 = f2.
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Basic tool: the delocalized Atiyah-Patodi-Singer index
theorem

Let W be an oriented manifold with free cocompact action and with
boundary ∂W = M.

D a Γ-equivariant Dirac operator

by bordism invariance we know that D∂ has zero index

∃ C∂ ∈ C ∗(∂W )Γ such that D∂ + C∂ is L2-invertible

Theorem

(delocalized APS index theorem, P-Schick 2013) There exists an index
class Ind(D,C∂) ∈ K∗(C ∗(W )Γ) and

ι∗(Ind(D,C∂)) = j∗(ρ(D∂ + C∂)) in K0(D∗(W )Γ).

Here j : D∗(∂W )Γ → D∗(W )Γ is induced by the inclusion ∂W ↪→W and
ι : C ∗(W )Γ → D∗(W )Γ the natural inclusion.
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Surgery sequences

This theorem is crucial in establishing that ρ is well defined on Posspin
n (Z )

and on S(V ).

The group Posspin
n (Z ) with Z compact and π1(Z ) = Γ, fits into the

surgery exact sequence of Stephan Stolz:

→ Posspin
n (Z )→ Ωspin

n (Z )→ Rspin
n (Z )→ Posspin

n−1(Z )→

with Rspin
n (Z ) depending only on Γ.

The structure set S(V ) fits into the surgery sequence in differential
topology, due to Browder, Novikov, Sullivan and Wall:

· · · → Ln+1(ZΓ) 99K S(V )→ Nn(V )→ Ln(ZΓ)
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Mapping surgery to analysis

Using as a basic tool the delocalised APS index theorem (with boundary
operator invertible) we prove with Thomas Schick the following theorem

Theorem

There exists a well defined and commutative diagram

Ωspin
n+1(BΓ) −−−−→ Rspin

n+1(BΓ) −−−−→ Posspin
n (BΓ) −−−−→ Ωspin

n (BΓ)yβ yIndΓ

yρΓ

yβ
Kn+1(BΓ) −−−−→ Kn+1(C ∗

Γ ) −−−−→ Kn+1(D∗
Γ) −−−−→ Kn(BΓ)

More generally, if Z is a compact space with π1(Z ) = Γ then

Ωspin
n+1(Z ) −−−−→ Rspin

n+1(Z ) −−−−→ Posspin
n (Z ) −−−−→ Ωspin

n (Z )yβ yIndΓ

yρ yβ
Kn+1(Z ) −−−−→ Kn+1(C ∗(Z̃ )Γ) −−−−→ Kn+1(D∗(Z̃ )Γ) −−−−→ Kn(Z )
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Mapping surgery to analysis II

Using as a basic tool the delocalised APS index theorem and also
interesting work of Charlotte Wahl we also prove a new version of the
fundamental theorem of Higson and Roe:

Theorem

There are natural (index theoretic) maps Ind, ρ, β such that the following
diagram is commutative

Ln+1(ZΓ) 99K S(V ) −−−−→ N (V ) −−−−→ Ln(ZΓ)yInd

yρ yβ yInd

Kn+1(C ∗(Ṽ )Γ) −−−−→ Kn+1(D∗(Ṽ )Γ) −−−−→ Kn(V ) −−−−→ Kn(C ∗(Ṽ )Γ)
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Recent results I

Xie and Yu reproved the results in the positive scalar curvature case
using Yu’s localization algebra. This works in all dimensions.

results of P.-Schick are originally proved in odd dimension but they
are now proved by suspension in all dimensions (Zenobi)

P.-Schick also prove a secondary partitioned index theorem for
rho-invariants of metrics of PSC (à la Roe).

recent interesting generalisations by Zeidler

Using Lipschitz analysis Zenobi extended the ”mapping surgery to
analysis” to the topological surgery sequence:

· · · → Ln+1(ZΓ) 99K STOP(V )→ NTOP
n (V )→ Ln(ZΓ)

where now V is a topological manifold.

Notice that STOP(V ) has a (exotic) group structure:
Q. : Is ρ : STOP(V )→ Kn+1(D∗(Ṽ )Γ) a group homomorphism ?
This is a very interesting question.
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Paolo Piazza (Sapienza Università di Roma). Indomitable rho-invariants Luminy, November 2015 17 / 22



Recent results I

Xie and Yu reproved the results in the positive scalar curvature case
using Yu’s localization algebra. This works in all dimensions.

results of P.-Schick are originally proved in odd dimension but they
are now proved by suspension in all dimensions (Zenobi)

P.-Schick also prove a secondary partitioned index theorem for
rho-invariants of metrics of PSC (à la Roe).

recent interesting generalisations by Zeidler

Using Lipschitz analysis Zenobi extended the ”mapping surgery to
analysis” to the topological surgery sequence:

· · · → Ln+1(ZΓ) 99K STOP(V )→ NTOP
n (V )→ Ln(ZΓ)

where now V is a topological manifold.

Notice that STOP(V ) has a (exotic) group structure:
Q. : Is ρ : STOP(V )→ Kn+1(D∗(Ṽ )Γ) a group homomorphism ?
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Recent results II

Let M be a space with a free and co-compact action of Γ. In fact, we
could just assume properness.
We denote SΓ

n (M) := Kn+1(D∗(M)Γ) where n = dimM is taken mod 2.

The group SΓ
n (M) is also called the analytic structure group.

There are now many equivalent definitions of SΓ
n (M):

as K∗(C ∗
L,0(M)) := ker(ev0 : C ∗

L (M)→ C ∗(M)) (Xie-Yu)

as a relative K-theory group with respect to the assembly map µΓ
M

(Zenobi)

in terms of the K-theory of the C ∗-algebra of the adiabatic groupoid
G 0
ad , G = M ×Γ M (Zenobi).

there is a geometric version (à la Baum-Douglas) due to Deeley and

Goffeng; SΓ,geo
n (M/Γ,L). Here L is the Mishchenko bundle.

using the delocalised APS index theorem for perturbed operators
Deeley and Goffeng construct an iso. λ :SΓ,geo

n (M/Γ,L) →SΓ
n(M).
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Recent results III: products
The following theorem is due to many people: Siegel, Xie-Yu, Zeidler,
Zenobi.

Theorem

There is an exterior product

SΓ1
j (X1)⊗ KΓ2

` (X2)
�−→ SΓ1×Γ2

j+` (X1 × X2)

If g1 is of PSC on X1 and g1 ⊕ g2 is of PSC on the product then

ρ(g1)� [DX2 ] = ρ(g1 ⊕ g2).

Zenobi also proves that if Z1
f1−→ X1is a homotopy equivalence then

ρ(f1)� [DX2 ] = ρ(f1 × IdX2).

Zenobi and Zeidler finds sufficient conditions on X2 ensuring that the
external multiplication by [DX2 ] is injective.

Paolo Piazza (Sapienza Università di Roma). Indomitable rho-invariants Luminy, November 2015 19 / 22



Recent results III: products
The following theorem is due to many people: Siegel, Xie-Yu, Zeidler,
Zenobi.

Theorem

There is an exterior product

SΓ1
j (X1)⊗ KΓ2

` (X2)
�−→ SΓ1×Γ2

j+` (X1 × X2)

If g1 is of PSC on X1 and g1 ⊕ g2 is of PSC on the product then

ρ(g1)� [DX2 ] = ρ(g1 ⊕ g2).

Zenobi also proves that if Z1
f1−→ X1is a homotopy equivalence then

ρ(f1)� [DX2 ] = ρ(f1 × IdX2).

Zenobi and Zeidler finds sufficient conditions on X2 ensuring that the
external multiplication by [DX2 ] is injective.
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Consequence −→ rigidity under products: under these additional
assumptions if ρ(g1) 6= ρ(h1) (so they are ”distinct”) then
ρ(g1 ⊕ g2) 6= ρ(h1 ⊕ g2) (so they are again ”distinct”). Similarly, if

ρ[Z
f1−→ X1] 6=ρ[W

g1−→ X1] then under these additional assumptions

ρ[Z × X2
f1×Id−−−→ X1 × X2] 6=ρ[W × X2

g1×Id−−−→ X1 × X2].
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Old results + Recent results IV

Most of what I have explained had been proved in the past in the
non-commutative de Rham homology of BΓ (here BΓ is the
Connes-Moscovici algebra of Γ).

there is a (full) higher APS index formula (Leichtnam-P.) involving
the higher eta invariant of Lott

there is a delocalised version of it which involves the higher rho
invariant in Lott and which is the analogue of our theorem but in
delocalised de Rham homology

there are product formulas as in the previous slide with similar rigidity
applications (Leichtnam-P., Wahl)

New: Deeley and Goffeng use these results in order to map from
SΓ,geo
n (M/Γ,L) to Hdel

∗ (BΓ)
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Recent results V: using rho classes

Go back to the group P(X ) (concordance classes of metrics of PSC).
Diffeo(M) acts on P(X ) and we have the quotient group P̃(X ).

Xie and Yu, building on very interesting work of Weinberger-Yu, and using
rho classes in K-theory, prove the following sharpening of the result of
P.-Schick. Let dimX = 2n + 1 and R+(X ) 6= ∅.

Theorem

Let Nfin(Γ) = {d ∈ N | ∃γ ∈ Γ such that ord(γ) = d , γ 6= e} Let Γ be
strongly finite embeddable in Hilbert space. Then the rank of P̃(X ) is
≥Nfin(Γ). If we only assume Γ is torsion free then the rank of P̃(X ) is ≥ 1.

It would be very interesting to use Zenobi’s topological rho map,
ρTOP : STOP(X )→ KdimX+1(D∗(X̃ )Γ) in order to prove a similar result
for S̃TOP(X ). Partial results (already very interesting !) by Weinberger-Yu.
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