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Some History

Pimsner-Voiculescu's exact sequence

@ 1980 Cross product by Z
@ 1982 Cross product by free group F,,
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Some History

Pimsner-Voiculescu's exact sequence

@ 1980 Cross product by Z

@ 1982 Cross product by free group F,,

@ 1986 Anderson-Paschke HNN groups

@ 1986 Pimsner KK-theory of cross product by groups acting on trees
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Representations of free products

Tools

© Representation in the Calkin algebra (Voiculescu absorption theorem
for extensions).

@ Voiculescu free product Hilbert space or Hilbert module.
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Representations of free products

Tools

© Representation in the Calkin algebra (Voiculescu absorption theorem
for extensions).

@ Voiculescu free product Hilbert space or Hilbert module.
Hypothesis
O Nuclearity.

@ Existence of conditional expectations.
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Cuntz Theorem
A1 and A; unital C*-algebras with one dimensional representations t; and
tr.

Theorem (Cuntz 1982)
Ap é A> is KK-equivalent to Aq % Ao
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Cuntz Theorem
A1 and A; unital C*-algebras with one dimensional representations t; and
tr.

Theorem (Cuntz 1982)
Ap é A> is KK-equivalent to Aq %9 Ao

Path m; of representations of A = A; (?;AQ between Iday @ t; * t> and

IdA1 * b Dt * /dA2
(a1 0
TI't(al) - (0 t1(81)>

() = cost sint ar 0 cost —sint
0927 = —sint cost/ \ 0 tr(az)) \+sint cost
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Graphs of C*-algebras

Definition

A finite graph G is a collection of vertices v and edges e together with
source and range maps s and r. To each edge e we will always have an
opposite edge € such that source and range are interchanged.
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Graphs of C*-algebras

Definition

A finite graph G is a collection of vertices v and edges e together with
source and range maps s and r. To each edge e we will always have an
opposite edge € such that source and range are interchanged.

Definition (Graph of C*-algebras)

Given a finite graph G we associate to each vertex v a unital C*-algebra A,
and to each edge e a unital C*-algebra B, = Bz such that there exists
unital injective morphisms se and re from Be to Ag(e) and A,(e)
respectively. We will also require that there exists ucp maps E. from A, to
any B, such that s(e) = v with E; o s, = ldp,
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Fundamental C*-algebras
Definition
Choose a maximal tree Y in the graph G. Then the full fundamental

C*-algebra Py is the universal unital C*-algebras generated by the A,'s and
unitaries U, for any edge e such that

o Us=U;
@ Ue se(b) UL = re(b) for all b € B,
@ U. =1 forall e in the tree Y

It is independent of the choice of Y.
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Fundamental C*-algebras
Definition

Choose a maximal tree Y in the graph G. Then the full fundamental

C*-algebra Py is the universal unital C*-algebras generated by the A,'s and
unitaries U, for any edge e such that

o Us=U;
@ Ue se(b) UL = re(b) for all b € B,
@ U. =1 forall e in the tree Y

It is independent of the choice of Y.

Example

@ One geometric edge, two vertices : this is the full amalgamated free
product A; EAz

@ One geometric edge , one vertex : this is the HNN extension
(A, 5¢(B),0 = reos;t)

V.

Pierre FIMA & Emmanuel GERMAIN KK-theory for fundamental C*-algebras ofel[31\V B [V YT AT Tk ) 6 /18



Vertex representations

Choose a vertex v.

Via GNS for A, and E., one gets a B.-Hilbert module K. = 14, B ® K¢.
To any path (e1, e, -+, e,) such that s(e;) = v = r(e,) and

r(e;) = s(ej+1) one can also associate a A, -Hilbert module :

K ®B,, OB, K¢ @B, Av

1

where ¢; is null or o according to the rule ¢, = o if &, = &;_1.
We call H, the direct sum over all admissible paths of these Hilbert
modules with convention that A, is associated to the empty path.

Theorem J

For any v, there exists a natural representation of P¢ in La,(H,)
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Example (Cross product case)

It is a particular case of an HNN extension where A= B and 6 is an
isomorphism. Then K. = A and K¢ = 0. Only the paths with no change of
direction contribute and the associated Hilbert module is isomorphic to A.
Hence H, = (>(Z) ® A and Uk is represented as the bilateral shift.
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Example (Cross product case)

It is a particular case of an HNN extension where A= B and 6 is an
isomorphism. Then K. = A and K¢ = 0. Only the paths with no change of
direction contribute and the associated Hilbert module is isomorphic to A.
Hence H, = (3(Z) ® A and U, is represented as the bilateral shift.

Example (Free product case)

Hi=A& D K, ®8 K ®g - ®8 K ®85 A1
=i #i#.. . FinF1
The action of A; is straightforward and the action of A, is obtained via the

isomorphism

Hi ~ K> ®p <B®

Ky ®s K ®8 - ®p Kp | ®8 A1
2t Firt .. Fint

In the most degenerate case (E. are morphisms), H; = A;.
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Edge representations

Given an edge e such that s(e) = v, we can form H. = H, ®F, Be
Theorem
@ For any e, He is isomorphic to Hs

o there exists a natural representation of Pr in Lpg_ (He)

Example (Free product case)

He=B® @ K;®sK,®s  ®sK;
i1 ir . Fin
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Edge representations

Given an edge e such that s(e) = v, we can form H. = H, ®f, Be
Theorem
@ For any e, He is isomorphic to Hs

o there exists a natural representation of Pr in Lpg_ (He)

Example (Free product case)

He=B® @ K;®sK,®s  ®sK;
i1 ir . Fin

Theorem

If all the ucp maps E. give a GNS-faithful representation of A, on K. then
the image of Py in all vertex or edge representations are isomorphic. This is
the analogue of Voiculescu reduced free product.

v
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Vertex reduced free product

Definition
The quotient of A; §A2 by the intersection of the kernel of the two vertex

representations is the vertex reduced free product A; iAz.
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Vertex reduced free product

Definition
The quotient of A; §A2 by the intersection of the kernel of the two vertex

representations is the vertex reduced free product A; iAz.

Example

When the ucp maps are morphisms we get A; ﬁAz ~ A D A;.
B
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Vertex reduced free product

Definition

The quotient of A; §A2 by the intersection of the kernel of the two vertex

representations is the vertex reduced free product A; éAZ'

Example
When the ucp maps are morphisms we get A; %Az ~ A D A;.
B

For groups 1, 2, we get the four possibly distinct C*-algebras :

Cr (M) * G (T2)
e N
C*(r]_ * r2) C,*(Fl * rg)
N\ e
C*(y) * C*(T2)
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Theorem

KK-equivalence.

The natural quotient map from Ay E As to Ap % A, is always a

o & - = DA
Pierre FIMA & Emmanuel GERMAIN KK-theory for fundamental C*-algebras o




Theorem

The natural quotient map from Ay E As to Ap % A, is always a

KK-equivalence.

Example

@ If A; and A, have one-dimensional representations then Ay x A; is
KK-equivalent to A; @ As.
C
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Theorem

The natural quotient map from Ay ; As to A; % A, is always a

KK-equivalence.

Example

@ If A; and A, have one-dimensional representations then Ay x A; is
KK-equivalent to A; @ As.
C

o C*(Iy =) is KK-equivalent to C*(I'1) % C*(I'2) and C*(I1) * C*(T2)
is KK-equivalent to C;(I'1 % I2)
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Theorem
The natural quotient map from Ay E As to A; % A, is always a

KK-equivalence.

Example

o If A; and A, have one-dimensional representations then A; x A; is
KK-equivalent to A; @ As.
C

o C*(Iy =) is KK-equivalent to C*(I'1) % C*(I'2) and C*(I1) * C*(T2)
is KK-equivalent to C;(I'1 % I2)

The proof is Julg-Valette for the Bass-Serre tree except that
@ there is no tree
@ there is no proper action even in the group case

@ the homotopy is not a geometric one but a simple rotation argument
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The inverse of the quotient map

There are natural partial isometries Fy € La, (Hk, Hg ®p Ax) between

Ho=Ace @ K ®sK;os: - ®5Kj 98 Ak
E i Fink

and

Hg ®pg Ak = A & @ KE@BK,'Z@B"'@BKii@Ak
i# 7. .Fin
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The inverse of the quotient map

There are natural partial isometries Fy € La, (Hk, Hg ®p Ax) between

Ho=Ace @ K ®sK;os: - ®5Kj 98 Ak

iEia . Fintk
and
He®sAv=Ac® P KoK, 28K ® A
h#iaF . FEin
Theorem

(] F:Fk = I/d mod K(Hk)
o FkFi = Py ®a, 1 with Py € LgHg and Py + P, = Id mod K(Hg)
o [A17 Fl] =0 and [A2; Fl] C K(Hl, HB ®B Al)
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The inverse of the quotient map from Ar = A; EAz to A=A ﬁAz is the
element of KKO(A, Af) defined by

o the module (H1 ®a, Ar ® H2 ®4, Ar) & Hg @B Ar

@ the natural induced left action of A on Hy, H> and Hg

@ the fredholm operator

0 0 Fi®a 1
F = 0 0 Fy®a, 1
F1®a 1 F2®a,1 0

Pierre FIMA & Emmanuel GERMAIN KK-theory for fundamental C*-algebras oX@{|3{\Y N\ [V 0] YR R-T0k 1Y 13 /18



Homotopy is the rotation present in Cuntz theorem. To prove it is defined
on the vertex reduced free product we need

Theorem

The partial radial maps ¢ in A; i A, that is, for reduced words, the

multiplication by r to the power the number of letters in Ay for0 < r < 1
is UCP.
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Homotopy is the rotation present in Cuntz theorem. To prove it is defined
on the vertex reduced free product we need
Theorem

The partial radial maps ¢ in A; i A, that is, for reduced words, the

multiplication by r to the power the number of letters in Ay for0 < r <1
is UCP.

Which is proven via free probability techniques using the isomorphism

(A1 % A2) § (Ars C([0.1]: B)) = A % (42 £ C([0.1]; B)
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Long exact sequence for fundamental C*-algebras

Choose a set E™ of oriented edges, then for any separable D, there are
long exact sequences for both the full and vertex reduced fundamental

C*-algebras (Ps or P,) analogous to Pimsner exact sequence for group
acting on trees.
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Long exact sequence for fundamental C*-algebras

Choose a set E™ of oriented edges, then for any separable D, there are
long exact sequences for both the full and vertex reduced fundamental

C*-algebras (Ps or P,) analogous to Pimsner exact sequence for group
acting on trees.

Theorem

@D KK(D,Bs) =5 :@ KKO(D,A,) — KK°(D, Py)
vev

ecE+
T {
KKY(D,P;) «— @ KK(D,A,) =&~ @ KK°(D, B.)
veV ecE+
and
@ KK°(B.,D) =%"" @ KK(A,,D) +— KK°(Ps, D)
ecE+ vev
| 1
KK'(P;,D) —s @ KKO(A,,C) =5 @ KK(B., D)
veV ecE+

v
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The boundary map

For any edge e belonging to the graph G, there is a natural element
x¢ € KKY(PY, B.) given by the projection in He on the direct sum of
Hilbert modules associated to paths (ey, ..., e,) with e, = e.

Pierre FIMA & Emmanuel GERMAIN KK-theory for fundamental C*-algebras of(® I3\ BN\ [Ty TT R T0) 1 16 / 18



The boundary map

For any edge e belonging to the graph G, there is a natural element
x¢ € KKY(PY, B.) given by the projection in He on the direct sum of
Hilbert modules associated to paths (ey, ..., e,) with e, = e.

Theorem
@ Xz = —Xe
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The boundary map

For any edge e belonging to the graph G, there is a natural element
x¢ € KKY(PY, B.) given by the projection in He on the direct sum of
Hilbert modules associated to paths (ey, ..., e,) with e, = e.

Theorem
@ Xz = —Xe
o If Gy is a subgraph of G and w1 is the natural morphism from P9t to
PY then [m1] ® x¢ = xZ* if e belong to Gy and [r1] ® x§ = 0 otherwise
o > . xd ®@[se] =0 in KKY(PY, @,A,).
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The boundary map

For any edge e belonging to the graph G, there is a natural element
x¢ € KKY(PY, B.) given by the projection in He on the direct sum of
Hilbert modules associated to paths (ey, ..., e,) with e, = e.

Theorem
@ Xz = —Xe
o If Gy is a subgraph of G and w1 is the natural morphism from P9t to
PY then [m1] ® x¢ = xZ* if e belong to Gy and [r1] ® x§ = 0 otherwise
o > . xd ®@[se] =0 in KKY(PY, @,A,).
@ The boundary maps in the long exact sequences is given by the

Kasparov product with x§ for the vertex reduced case or with [r] @ x§
for the full case where 7 is the natural quotient map Pfg — PY
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The devissage

The only case to prove is the free product case.

o & - = DA
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The devissage

The only case to prove is the free product case.
Let D be the C*-algebra of continuous functions from | — 1,1 to A; EA2

such that f(] — 1,0]) C Az, f([0,1]) C Az and f(0) € B.

Theorem

The natural map from D to the suspension of Aq < As is a KK-equivalence.
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The devissage

The only case to prove is the free product case.
Let D be the C*-algebra of continuous functions from | — 1, 1] to A; EAZ

such that f(] — 1,0]) C Ay, f([0,1[) C Az and f(0) € B.

Theorem
The natural map from D to the suspension of Aq < A, is a KK-equivalence.

The Kasparov triple for the inverse is
(H1 ® Go(] — 1,0[) ® H2 ® Cp(]0,1])) @ Hg ® Co(] — 1, 1[) and Fredholm
operator

cos™ mt 0 —F®1sin” 7t
G(t) = 0 —cos™ t Fy®1sinT 7t
—-F®Llsin 7t Fp®1lsintrt Z(t)

with Z(t) = —Py cos™ wt + Py costmt — tPy and Py + Py + Py = ldp,
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Corollaries

Theorem

@ The full and the vertex reduced fundamental C*-algebras of a graph of
C*-algebras are always KK-equivalent.
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Corollaries

Theorem
© The full and the vertex reduced fundamental C*-algebras of a graph of
C*-algebras are always KK-equivalent.
@ Suppose we have a graph of C*- compact quantum groups. If all of the
vertex algebras are K-amenable then the fundamental C*-algebra of
the graph, which is again a compact quantum groups, is K-amenable

v
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