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The Pila-Wilkie Theorem

Pila–Wilkie Theorem
Let X ⊆ Rn be definable in an o-minimal expansion of the ordered
field of real numbers. Let Xtrans be the set obtained by removing all
infinite, connected semi-algebraic subsets from X.
Let ε > 0.
There exists c = c(X,ε)> 0 such that, for all H ≥ 1, Xtrans contains
at most c.Hε rational points of height at most H.

Definition
ht(a/b) := max{|a| , |b|}, and ht((q1, . . . ,qn)) := maxi=1,...,n{ht(qi)}.

Setting Xtrans(Q,H) := {q̄ ∈ Xtrans∩Qn | ht(q̄)≤ H}, we have that
for H ≥ 1, |Xtrans(Q,H)| ≤ c.Hε .
We want that the constant c(X,ε) can be effectively computed.
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Restricted Pfaffian surfaces

Theorem (Jones-T. (≥ 2015))

Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.
Let ε > 0. There is an effective c = c(B,ε)> 0 such that, for all
H ≥ 1,

#graph(f )trans(Q,H)≤ c.Hε .
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Restricted Pfaffian surfaces

Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.
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Restricted Pfaffian surfaces

Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.

(Khovanskii) Pfaffian functions: solutions to upper triangular
systems of first order polynomial differential equations.
They are analytic and o-minimal (RPfaff, the expansion of the
real ordered field by all Pfaffian functions, is o-minimal).
They include exp on R, log on (0,∞), sin on (0,π), ...
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Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.

(Khovanskii) Pfaffian functions: solutions to upper triangular
systems of first order polynomial differential equations.
They are analytic and o-minimal (RPfaff, the expansion of the
real ordered field by all Pfaffian functions, is o-minimal).
They include exp on R, log on (0,∞), sin on (0,π), ...

(Khovanskii 1980) For Pfaffian functions g, we have effective
bounds on, say, the number of connected components of zero sets
V(g),V(g′), . . ., which depend only on the number of variables of g,
the number of functions r defined by the system defining g, and the
degrees of the polynomials in the system.
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Restricted Pfaffian surfaces

Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.

If g : U→ Rm is Pfaffian and analytic on an open set U ⊇ [0,1]n,
then the corresponding restricted function ĝ : Rn→ R is given by

ĝ(x̄) =

{
g(x) if x ∈ [0,1]n

0 otherwise.
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Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.

If g : U→ Rm is Pfaffian and analytic on an open set U ⊇ [0,1]n,
then the corresponding restricted function ĝ : Rn→ R is given by

ĝ(x̄) =

{
g(x) if x ∈ [0,1]n

0 otherwise.

The real ordered field expanded by all restricted Pfaffian functions
is o-minimal.
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Restricted Pfaffian surfaces

Suppose that f : (0,1)2→ (0,1) is implicitly defined from restricted
Pfaffian functions with complexity at most B.

A function f : U→ R (here U ∈ Rm) is implicitly defined from
restricted Pfaffian functions if there exist n≥ 1, restricted Pfaffian
functions p1, . . . ,pn : Rm+n→ R and functions f2, . . . , fn : U→ R s.t.

p1(x, f (x), f2(x), . . . , fn(x)) = . . .= pn(x, f (x), f2(x), . . . , fn(x)) = 0

det
(

∂ (p1, . . . ,pn)

∂ (y1, . . . ,yn)

)
(x, f (x), f2(x), . . . , fn(x)) 6= 0.
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If p1, . . . ,pn have a common system of definition, then the implicit
definition of f has a certain complexity given in terms of the
number of functions defined by that system, and the degrees of the
polynomials involved.
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)
(x, f (x), f2(x), . . . , fn(x)) 6= 0.

If p1, . . . ,pn have a common system of definition, then the implicit
definition of f has a certain complexity given in terms of the
number of functions defined by that system, and the degrees of the
polynomials involved. Likewise, there are analagous effective bounds
for these implicitly defined functions, given in the same terms.
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Pila-Wilkie Main Lemma

Pila-Wilkie Main Lemma
Let k < n. For all d ≥ 1, there exist effective r̃(k,n,d) ∈ N,
ε̃(k,n,d), C̃(k,n,d)> 0 such that ε̃(k,n,d)→ 0 as d→ ∞ and if Φ
is an Cr̃-parameterization of X ⊆Rn with dim(X) = k, then X(Q,H)
is contained in at most #Φ.C̃.Hε̃(k,n,d) sets V(P) with deg(P)≤ d.

Idea: fix ε > 0. Since ε̃(k,n,d)→ 0 as d→ ∞, so we can
(effectively) find d large enough that ε̃(k,n,d)< ε .
r̃(k,n,d), C̃(k,n,d) are effective in d and hence in ε .

We need an effective Cr̃-parameterization Φ of X such that
#Φ is bounded effectively in the “complexity of X”;
We need an effective estimate of #(X∩V(P))trans(Q,H) which
is O(Hε), for polynomials P with deg(P)≤ d.
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Zero estimates

We need an effective estimate of #(X∩V(P))trans(Q,H) which
is O(Hε), for polynomials P with deg(P)≤ d.

The second is going to be a consequence, for surfaces implicitly
defined from Pfaffian functions, either of earlier work (Jones-T.
2012), or using an argument analogous to that of the original proof
of the Pila-Wilkie Theorem, but in the same spirit as what now
follows for Cr-parameterization. Either way it uses the bounds
mentioned earlier for the zero sets of functions implicitly defined
from Pfaffian functions.
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Parameterization

Pila-Wilkie Parameterization Theorem
Let X ⊆ (0,1)m be definable in an o-minimal expansion of a real
closed field. For all r ≥ 1, there exists a finite set Φ of Cr maps
φ : (0,1)k→ (0,1)m, where dim(X) = k, such that

X =
⋃

φ∈ΦIm(φ);

for all φ ∈Φ,
∣∣∣∣φ (α)

∣∣∣∣≤ 1, for all |α| ≤ r.
Such a set Φ is called an r-parameterization of X.

One significant obstruction to effectivity in the original proof is the
use of the compactness theorem in proving this:
Roughly, given a set X ⊆ (0,1)m, one can see it as a family
{Xt}t∈(0,1), with the last variable relegated to parameter status.
Obtain parameterizations by inductive hypothesis, and use
compactness to see these as a uniform family of parameterizations.
So, to avoid compactness, work uniformly in families throughout!
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Families of Parameterizations

We also need for this setting that everything (including the
parameterizing functions) is implicitly defined from restricted
Pfaffian functions. We end up with statements like this:

Lemma

Let F : (0,1)2→ (0,1)n be implicitly defined of complexity at most
B. There exist real numbers 0 = ξ0 < ξ1 < .. . < ξN < ξN+1 = 1 and
implicitly definable functions φi,j : Ci→ (0,1), where
Ci = (0,1)× (ξi,ξi+1), such that, for y ∈ (ξi,ξi+1), the functions
φi,0(·,y), . . . ,φi,Mi(·,y) form an r-parameterization of the graph of
F(·,y). Moreover, N,M1, . . . ,MN and the complexity of the implicit
definitions of the φi,j are all bounded by an effective constant
depending only on B and r.
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Effective stratification

Another remark: at a certain point it is necessary to take limits of
parameterizations. We manage to avoid the use of effective model
completeness for this step, which would make the bounds much
worse, by employing an effective stratification due to Gabrielov and
Vorobjov. (This also plays a role at various other points in the
proof.)
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