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Say that an operator T € £(X) is ergodic if it admits an ergodic
probability measure with full support (u(V) > 0 for every open set

V £ 0).

Basic question. How can we see that an operator is or is not
ergodic?



1. Ergodicity and frequent hypercyclicity



Recall that an operator T € £(X) is frequently hypercyclic



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that

for every V C X open # )



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that

dens N1(xp, V) > 0 for every V C X open # )



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that

dens N1(xp, V) > 0 for every V C X open # )

ergodic = frequently hypercyclic



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that

dens N1(xp, V) > 0 for every V C X open # )

ergodic = frequently hypercyclic

(If u is an ergodic measure for T with full support,



Recall that an operator T € £(X) is frequently hypercyclic if there
exists xg € X such that

dens N1(xp, V) > 0 for every V C X open # )

ergodic = frequently hypercyclic

(If u is an ergodic measure for T with full support, then p-almost every
xo € X satisfies: dens Ny (x, V) > (V) > 0 for every open V # ().
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exists xg € X such that

dens N1(xp, V) > 0 for every V C X open # )

ergodic = frequently hypercyclic

(If u is an ergodic measure for T with full support, then p-almost every
xo € X satisfies: dens Ny (x, V) > (V) > 0 for every open V # ().
Follows from the pointwise ergodic theorem.)
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X complex Polish tvs

A unimodular eigenvector for T € £(X) is an eigenvector x whose
eigenvalue has modulus 1.

E(T) := {unimodular eigenvectors for T}

A(x) := eigenvalue of x € E(T)
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Fact. £(T) is perfectly spanning if and only if the following holds:
there exists a set £ C E(T) such that span€ = X and, for any
u € &, one can find vectors v € & arbitrarily close to u with \(v) #
A(u). In particular, this holds if the periodic points of T are dense in
X and every periodic eigenvector u can be approximated by periodic
eigenvectors v with A(v) # A(u).

Does not seem to be that strong

Tempting “conjecture”: If T is chaotic, i.e. hypercyclic with a
dense set of periodic points, then £(T) is perfectly spanning, so
that T is ergodic and hence frequently hypercyclic. This is false!
(Menet 2015).
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Given a hypercyclic operator T € £(X), define

c(T):= sup sup dens N7(x,Bg).
R>0 xeHC(T)

e By definition:

¢(T) > dens N7(x, Bg) for any R > 0 and all x € HC(T).

e On the other hand, one can show that there is a comeager set of vectors
x € HC(T) such that

dens N7(x, By) = ¢(T) for every o > 0.

e Obviously, if T is frequently hypercyclic, then ¢(T) > 0.
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Choose an open set V = {) such that
VNB =0 and VCB.

If x € G, then
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(T)

so that dens N7(x, V) = 0. Hence, no x € G can be a frequently
hypercyclic vector for T. |In particular: the set of all frequently
hypercyclic vectors for T is always meager in X. (Moothathu 2013,
Bayart-Ruzsa 2014, ...)
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set of vectors x € X such that || T'(x)|| — 0 as i — oo along some set
D, C N with dens Dy > ¢(T).

Theorem 3. If T € £(X) is ergodic, then ¢(T) = 1.
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Remark 1. Not known if such operators exist on other spaces (in partic-
ular, if this can happen on a reflexive Banach space).

Remark 2. Not known if there exist frequently hypercyclic operators ad-
mitting no invariant measure with full support, ergodic or not. (This cannot
happen on a reflexive Banach space.)
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Q5. Assume that T € £(X) is such that HC(T) = X \ {0}. Can
T be FHC? Can T be ergodic??



