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To converge, or not to converge, that is the question:

K fixed, eg. K=5
Li, Lo, ..., Lx C R or 0
closed convex sets

ki, ko, - € {1,2,..., K} be arbitrary
zp = Py,z,—1 sequence of projections

DO THE ITERATES CONVERGE?
= stay bounded, converge weakly, or converge in norm?




Affine subspaces
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Li, Ly, ..., Lk closed affine subspaces of a Hilbert space H
zp = Py, z,—1 iterates of orthonormal projections of a point z

In RY, the sequence {z,} is always bounded.
[Aharoni, Duchet, Wajnryb '84], [Meshulam '96]

In /5, there exist two closed affine subspaces L1, Ly and a sequence
{zn} of iterates of nearest point projections which is not bounded.
[Bauschke, Borwein '94]

Proof: Take two closed subspaces the sum of which is not closed,
and translate one of them.



Linear subspaces

L1, Ly, ..., Lk closed subspaces of a Hilbert space H
z, = Px,z,—1 iterates of orthonormal projections of a point z

If H=TRY, then {z,} converges. [Prager '60]

If H = {5, then {z,} converges weakly. [Amemiya, Ando '65]
(Ef’ z,)/N converges in norm for almost all {k,} € {1,..., K}

If L1, Ly C ¥5, then {z,} converges in norm. [von Neumann '49]
ASSUME Ly,...,Lkx C ¢5. DOES {z,} CONVERGE IN NORM?7??

Yes, if the iterates are (quasi)periodic e.g. P1P2P3P1PaPs ...
[Halperin '62], [Sakai '95]
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Projections on 3 subspaces do not have to converge

Let H be an infinite dimensional Hilbert space.

There exist 5 closed subspaces Lj, Lo, L3, L4, L5 of H
and a sequence z, = Py, z,_1 of iterates of orthonormal
projections of a point z on Ly, L, L3, L4, Ls

which converges weakly but does not converge in norm.
[Adam Paszkiewicz, 2012]

There exist 3 closed subspaces Li, Ly, L3 of H

and a sequence z, = Py, z,_1 of iterates of orthonormal
projections of a point z on Ly, Ly, L3

which converges weakly but does not converge in norm.
[Eva Kopeckd & Vladimir Miiller, 2013]

If Ly, Ly are closed subspaces of H, then any sequence {z,} of
projections on Li, Ly converges in norm.
[John von Neumann 1949]



Convex sets

closed and convex Ci, G, ..., Cx C H

NG #0
zp = Py, z,—1 iterates of the nearest point projections of a point z
If H=R? then {z,} converges. [Dye, Kuczumow, Lin, Reich '96]

If K=3and H = ¢, then {z,} converges weakly.
[Bruck '82], [Dye, Reich '92]
For K = 4 this is not known!

If H = {5, then every sequence {z,} of periodic iterates converges
weakly. [Bregman '65]

There exist C, D C ¢, closed and convex with 0 € CN D, and a
sequence {z,} of iterates of nearest point projections on these sets
which converges weakly but not in norm. [Hundal '04]



No norm-convergence in ¢, already for 2 convex sets

En+1

In /5 there exist a closed convex set C, a hyperplane D,
with 0 € CN D, and a point z so that

the iterates (PcPp)"z do not converge in norm.

The iterates approximately contain an ON sequence {e,}.



No norm-convergence in ¢, already for 2 convex sets
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In /5 there exist a closed convex set C, a hyperplane D,
with 0 € CN D, and a point z so that

the iterates (PcPp)"z do not converge in norm.

The iterates approximately contain an ON sequence {e,}.



From a convex to a linear counterexample
Let u and v be orthonormal, E be the span of v and v, ¢ > 0.

[Hundal] There exists a convex cone C C R3 and
a product ¢ of nearest point projections onto C and E so that

lp(C, E)(u) —v| <e.

[Paszkiewicz] There exist subspaces X and Y of RY and
a product ¢ of projections onto X, Y and E so that

lo(X, Y, E)(u) —v| <e.



From u to v via 3 linear subspaces of R
Let u and v be orthonormal, E be the span of v and v, ¢ > 0.

There exist subspaces 71 C £, C --- C Zy,dimZ; = j+1and a
product ¢ of projections on these spaces and on E so that

‘()O(Z].?' . '7Zk7 E)(U) - V‘ <ée.

v
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Suppose Zy C Z» C --- C Zy = X are subspaces of RY. There is
a subspace Y ~ X and my > mp > --- > my so that for all

Jj=1...,k |(Px Py Px)™ — Pz|| <e.

Corollary: There exist subspaces X and Y and a product ¢ of
projections onto X, Y and E so that

lo(X, Y, E)(u) —v| <e.



lterates of 1 point (and of points near to it) diverge
Let H be an infinite dimensional Hilbert space.

There exist 2 closed and convex sets C,D C ¢, with0 € CN D,
and a sequence of iterates of nearest point projections of a point z
on these sets which does not converge in norm, since it
approximately contains an ON sequence.

[Hein Hundal 2004]

There exist 5 closed subspaces E, Xeven, Xodd, Yeven, Yodd of H and
a sequence of iterates of orthonormal projections of a point z on
these spaces which does not converge in norm, since it
approximately contains an ON sequence.

[Adam Paszkiewicz, 2012]

There exist 3 closed subspaces E, X, Y of H and a sequence of
iterates of orthonormal projections of a point z on these spaces
which does not converge in norm, since it approximately contains
an ON sequence.

[Eva Kopeckd & Vladimir Miiller, 2013]



Iterates of ALL points diverge

Let H be an infinite dimensional Hilbert space.

There exist 3 closed subspaces X1, X5, X3 with the following
property. For every 0 # wy € H there is a sequence

ki, ko, --- € {1,2,3} so that the sequence of iterates defined by
W, = Pan wp—1 does not converge in norm.

When projecting on 5 closed subspaces this can be achieved using
just 2 fixed sequences of indices:

There exists a sequence ki, kp,--- € {1,2,3} with the following
property. Every infinite dimensional Hilbert space H has closed
subspaces X, Y, X1, Xo, X3 so that if 0 # z € H, and up = Pxz,
vo = PxPyz, then at least one of the sequences of iterates
{un}p2y or {va}p2, defined by u, = Px, up-1, Vo = Px, Va1
does not converge in norm.

[Kopeckd & Paszkiewicz, 2015]



3 subspaces: from 1 bad point to all points bad

Let H be an infinite dimensional Hilbert space, and

X1, X2, X3 C H be 3 of its closed subspaces.

Let Z be the set of good points in H, that is of all zg € H so that
for every sequence ji, j2,--- € {1,2,3} the sequence defined by

Zn = ijnz,,_l does converge in norm.

Then Z is a closed subspace.

ASSUME Z # H

Then L = Z* is an infinite dimensional subspace of H, and in L
all points are bad w.r.t. the spaces X; = LN X;, i =1,2,3, that is:

For every 0 # wy € L there is a sequence ki, ko, -+ € {1,2,3} so
that the sequence of iterates defined by w, = ka wp—1 does not
converge in norm.



5 subspaces: from 1 bad point to all points bad

Fix ki, ko, - -+ € {1,2,3} with the following property:

Every infinite dimensional (separable) Hilbert space H™ contains a
point zy" € H and closed subspaces X", Xj", X3" so that the
sequence z,' = Px, z" ; diverges.

DEFINE:
H=H'e,H*>a, H*® ...
Xi=Xlax XPa XP®... i=1,2,3
X = span{zl,z2,z3, .
Y = (X +X1h))2.

THEN:

If 0 # z € H, and up = Pxz, vop = PxPyz, then at least one of
the sequences of iterates {u,}7°; or {v,}72; defined by
u, = 'Dan Un_1, Vo = Pan vp—1 diverges.



Projections on 3 subspaces do not have to converge

Let H be an infinite dimensional Hilbert space.

There exist 3 closed subspaces X, X5, X3 with the following
property:

For every 0 # wy € H there is a sequence ki, ko, -+ € {1,2,3} so
that the sequence of iterates defined by w, = Pan W,_1 converges
weakly but does not converge in norm.



Simple condition implying convergence
Li, Ly, ..., Lk closed subspaces of a Hilbert space H
zp = Py,z,—1 iterates of orthoprojections of a point z

Lemma
The sequence {|z,|} is decreasing, hence convergent.

Zj
0 Zj+1

Lemma
Suppose there is ¢ > 0, so that |zj — zx|*> < c(|zj|? — |z|?),
for all j < k. Then {z,} converges in norm.

Proof.

If j < k are large, then |z; — z|? < c(|z;]2 — |z[?) < ¢
since {|z,|} is Cauchy.

= {z,} is Cauchy = {z,} converges



Finite (co)-dimension = convergence

Li,L,, ..., Lk closed subspaces of a Hilbert space H
of finite dimension or codimension
zp = Py,z,—1 iterations of orthoprojections of a point z

Theorem
For all j < k,
|z — 2> < |z — |z]?),

where the constant ¢ = c(K, d) > 0 depends on the number K of
the spaces and their maximal dimension or codimension d (for
each space we choose the one which is finite) only. Consequently,
the sequence {z,} converges in norm.



Smooth separation theorem

if a =0 then ®(x) = |x|? works
since ¢'(x) = 2x

IBUT!

la| ~ |b| ~ 1

in a typical application

®(a)=0 Ly
Theorem (Kirchheim, Kopecka, Stefan Miiller, 2011)
Let L1, Ly, ..., Lk be subspaces of RY and let a, b € RY be two

points. There exists a differentiable function ® : RY — R, so that
(i) ®(b) —d(a) = [b—al*
(ii) (D,(L,') Clifori=1,...,K;
(iii) the mapping ®' : RY — R is Lipschitz with a constant c
depending on K and d only.

Proof: involved application of Whitney's theorem on extending of
functions and their derivatives.



Corollary

Let w=b—a and F : RY — R be the function defined by
F(x) = (w,x) — ®(x) for x € RY. Then F(b) — F(a) =0,
F'=w—9® andific{l,...,K}, then

(w,v) < (F'(x),v) + cdist (x, L;),

for any x € R? and v orthogonal to L;, with |v| = 1.
Proof.

For a given /, let X be the orthogonal projection of x onto L;.
Then (¥'(X), v) = 0 and since ¢’ is c-Lipschitz,

[{(w = F'(x), V)| = [(®'(x), v)| = [(¢'(x) = (%), v)| < [®'(x) — &(%)|
< ¢|x — X| = cdist (x, L;).

O



Smooth separation = projections converge

Let L1, Ly, ..., Lk be closed subspaces of a Hilbert space X.
Suppose for every a, b € X there exists a differentiable function
¢ : X — R, so that

(i) ®(b) — D(a) = |b— a2,
(ii) if x € L; then ®'(x) € L;;
(iii) the mapping ¢’ : RY — R is Lipschitz with a constant c.

Then for every sequence {z,} of projections on the sets Ly,..., Lk
1z — zl* < c(Iz* — |zl?),

if j < k. Consequently, the sequence {z,} converges in norm.



Heuristics: smooth separation — rate of convergence

curve 7 : [0,s] — R
connects via the iterates z,
7(0) = a = z; with

V(s) = b=z
~ replaces the direct connection
w=b-—a

|2 — zi[? = (w,7(s) = +(0)) (®(7(1)), 7 (t)) = 0

_ / (w,~/(t)) dt

0 7' (t)
~ [ w = (). (o) e (0
= (w, b) — &(b) — ((w, a) — ®(a)) :

=(w,b—a)—|b—a*=0

(We didn’t mention the error of order
c>lziv1 — zif* = c(|zj]? — |z]?).)



smooth separation — rate of convergence

2= znl? = (w.b=3) = (w.(s) = (0)) = [ (wr/(e) o
0
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Monotone curves with only few different derivatives
do not connect distant points of the sphere.

€2
0 04

a=ep a:elj
A

Assume 7 : [0,s] — {5 is an absolutely continuous curve with

endpoints a and b so that

(i) the distance |y(t)| from the origin is a decreasing function of
t on [0,s], and

(i) +'(t) takes on at most K different values for almost all
t €0, s].

Then |a — b|? < c(|a|> — |b|?).

¢ = ¢(K) > 0 depends only on the number K of the different

derivatives of .



