B-free dynamics - a view through the window

Gerhard Keller (Erlangen)

Co-authors:
Christoph Richard (KR)
Staszek Kasjan, Mariusz Lemanczyk (KKL)

C.I.R.M. Luminy, 7.12.2016

G. Keller (S. Kasjan, M. Lemanczyk, C. Richard)| 8B-free dynamics - a view through the window C.I.R.M. Luminy, 7.12.2016

1/6



The background to this work

@ A new approach to cut-and-project schemes (weak model sets)
(Keller, Richard 2015, — E.T.& D.S.)

@ B-free systems as special case (Square-free numbers: Baake, ... ?)

@ B-free sets and dynamics
(Bartnicka, Kasjan, Kutaga-Przymus, Lemanczyk 2015, —» T.A.M.S.)
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The formal framework

@ B C Ny primitive
@ H:=[lpegZ/bZ compact, metrizable abelian group.
@ A:Z—H, (A(n))p =n mod b (group monomorphism).

@ H:= A(Z), compact abelian group.
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@ A:Z—H, (A(n))p =n mod b (group monomorphism).

@ H:= A(Z), compact abelian group.
@ L :=graph(A) - lattice in Z x H. (Z x H)/L isomorphic to H.
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The formal framework

@ B C Ny primitive

o H:= [lpeg Z/bZ  compact, metrizable abelian group.

@ A:7Z—H, (A(n)),=n modb (group monomorphism).
@ H:= A(Z), compact abelian group.

@ L :=graph(A) - lattice in Z x H. (Z x H)/L isomorphic to H.

@ 0 # W C H compact — the window

The window
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The formal framework
@ B C Ny primitive

o H:= [lpeg Z/bZ  compact, metrizable abelian group.

@ A:7Z —H, (A(n),=n modb (group monomorphism).
@ H:= A(Z), compact abelian group.

@ L :=graph(A) —lattice in Z x H. (Z x H)/£ isomorphic to H.

@ 0 # W C H compact — the window

What you see
through it: g
®(0) =L N (Zx W)
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The formal framework

B C Ny primitive

H:= [lpeg Z/bZ  compact, metrizable abelian group.

A:7 —H, (A(n),=n modb (group monomorphism).
H:= A(%Z), compact abelian group.

L := graph(A) — lattice in Z x H. (Z x H)/£L isomorphic to H.
0 # W C H compact — the window

The projection
of this set to Z:
¢(0)
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The formal framework

@ B C Ny primitive

o H:= [lpeg Z/bZ  compact, metrizable abelian group.

@ A:7Z—H, (A(n)),=n modb (group monomorphism).
@ H:= A(Z), compact abelian group.

@ L :=graph(A) - lattice in Z x H. (Z x H)/L isomorphic to H.

@ 0 # W C H compact — the window

o(h)
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The formal framework
@ B C Ny primitive

o H:= [lpeg Z/bZ  compact, metrizable abelian group.

@ A:7Z —H, (A(n),=n modb (group monomorphism).
e H:= m compact abelian group.

@ L :=graph(A) —lattice in Z x H. (Z x H)/£ isomorphic to H.
@ 0 # W C H compact — the window

@ For h € H define the set
o(h) =(L+(0,h)N(ZxW)CZxH
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The formal framework
@ B C Ny primitive

o H:= [lpeg Z/bZ  compact, metrizable abelian group.

@ A:7Z —H, (A(n),=n modb (group monomorphism).
e H:= m compact abelian group.

@ L :=graph(A) —lattice in Z x H. (Z x H)/£ isomorphic to H.
@ 0 # W C H compact — the window

@ For h € H define the set
®(h):=(L+(0,h)N(ZxW)CZxH
@ ¢: H— {0,1}%, h — indicator function of 7%(®(h)).
(@(h))n =1 h+ A(n) e W
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A:7 —H, (A(n),=n modb (group monomorphism).
H:= A(%Z), compact abelian group.

L := graph(A) — lattice in Z x H. (Z x H)/£L isomorphic to H.
0 # W C H compact — the window

For h € H define the set

®(h):=(L+(0,h)N(ZxW)CZxH
¢ : H— {0,1}%, h — indicator function of 7% (®(h)).
(e(M))n =1 h+A(n) e W
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The formal framework

B C Ny primitive

H := [Ipeg Z/bZ compact, metrizable abelian group.

A:7 —H, (A(n),=n modb (group monomorphism).
H:= A(%Z), compact abelian group.

L := graph(A) — lattice in Z x H. (Z x H)/£L isomorphic to H.
0 # W C H compact — the window

For h € H define the set

®(h):=(L+(0,h)N(ZxW)CZxH
¢ : H— {0,1}%, h — indicator function of 7% (®(h)).
(e(M))n =1 h+A(n) e W

X :=¢(H) {0, 1}Z, n:=¢(0), X, :={S™:neZ}c X
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“Analysis” of ¢ : H — X (KR, for general CPS)

@ C, :={h e H: ¢ continuous at h} is T-invariant.
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“Analysis” of ¢ : H — X (KR, for general CPS)
@ C, :={h € H: ¢ continuous at h} is T-invariant.
@ he C,ifand only if (x7)7 ({h}) N graph(¢) = {¢(h)}
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“Analysis” of ¢ : H — X (KR, for general CPS)
@ C, :={h € H: ¢ continuous at h} is T-invariant.
@ he C,ifand only if (x7)7 ({h}) N graph(¢) = {¢(h)}
Theorem 1

a) C, C His a dense Gs-set.
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@ C, :={h € H: ¢ continuous at h} is T-invariant.
@ he C,ifand only if (x7)7 ({h}) N graph(¢) = {¢(h)}
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a) C, C His a dense Gs-set.
b) graph(¢lc,) is the only minimal subset of graph(y).

G. Keller (S. Kasjan, M. Lemanczyk, C. Richard), 8B-free dynamics - a view through the window C.I.R.M. Luminy, 7.12.2016 3/6



“Analysis” of ¢ : H — X (KR, for general CPS)

@ C, :={h € H: ¢ continuous at h} is T-invariant.
@ he C,ifand only if (x7)7 ({h}) N graph(¢) = {¢(h)}
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a) C, C His a dense Gs-set.
b) graph(¢lc,) is the only minimal subset of graph(y).
c) ¢(C,) is the only minimal subset of X.
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“Analysis” of ¢ : H — X (KR, for general CPS)
@ C, :={h € H: ¢ continuous at h} is T-invariant.
@ he C,ifand only if (x7)~' ({h}) N graph(¢) = {¢(h)}
Theorem 1
a) C, € His adense Gs-set.
b) graph(¢lc,) is the only minimal subset of graph(y).
c) ( ) is the only minimal subset of X.
) W

d =0 & ¢(C,) = {0} & (X, S) has a trivial MaxEqcFac.
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2016-12-06

B-free dynamics - a view through the window

L“Analysis” of o : H— X (KR, for general CPS)

Proof of the theorem:
a) C,=lheH:h+ A(n) ¢ oW Vne Z}
= (W((aW)C — A(n)) countable intersection of open dense sets

nez

b) 0 # A C graph(y) closed invariant = 0 # n"(A) C X closed invariant
= n"(A) =H2 C, = A 2graph(¢lc,) = A 2 graph(¢lc,) =: Amin

¢) 0 # B C X closed invariant = 0 # (71%"”)~"(B) c graph(¢) closed
invariant = (71%1*)~1(B) 5 Amin = B 2 7% (Amin) = ¢(C,.)

A W=06&W=0dWe C, = Na(W - A(K)) & ¢(C,) = (0)




Maximal equicontinuous (generic) factors
® Hy:=(heH:W+h=W)and H :={heH: l7v+h=v°V}=HW
are closed subgroups of H
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Maximal equicontinuous (generic) factors
® Hy:={heH:W+h=Wjand H; :=(heH: VOV+h=V°V}=HTW
are closed subgroups of H

Theorem 2
(KR) (H/H. . T) is the MaxEqcFac of (X, S) and (X;, S).
(K.KR) (H/Hw, T) is the MaxEqcGenFac of (X, S). (Under construction!)
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Maximal equicontinuous (generic) factors
o Hy=1{heH: W+h=Wjand H; :=the H: W+h=W}=H
are closed subgroups of H
Theorem 2
(KR) (H/H. . T) is the MaxEqcFac of (X, S) and (X;, S).
(K.KR) (H/Hw, T) is the MaxEqcGenFac of (X, S). (Under construction!)

B-free systems: particular window
@ W:={heH:hy,#0VbeB)
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Maximal equicontinuous (generic) factors
® Hy:=theH: W+h=Wjand H; = {heH: VOV—i—h:VOV}:HTW
are closed subgroups of H
Theorem 2
(KR) (H/H‘;V, T) is the MaxEqcFac of (X, S) and (X, S).
(K.KR) (H/Hw, T) is the MaxEqcGenFac of (X, S). (Under construction!)

B-free systems: particular window
e W:=heH:hy,#0Vb e B}
@ 17, =(¢(0))h =1 A(n)e Wonob e Bdividesn (nis B-free)
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Maximal equicontinuous (generic) factors
® Hy:=theH: W+h=Wjand H; = {heH: VOV—i—h:VOV}:HTW
are closed subgroups of H
Theorem 2
(KR) (H/H‘;V, T) is the MaxEqcFac of (X, S) and (X, S).
(K.KR) (H/Hw, T) is the MaxEqcGenFac of (X, S). (Under construction!)

B-free systems: particular window
e W:=heH:hy,#0Vb e B}
@ 7n=(¢(0))n =1 A(n) e W & no b € Bdividesn  (n is B-free)
Theorem 3
(KKL) a) Hw is trivial, hence (H, T) is the MaxEqcGenFac of (X, S).
b) H‘;v is trivial if and only if an arithmetic condition (*) on 8 holds.
In that case (H, T) is the MaxEqcFac of (X, S) and (X, S).
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Windows with periodic interior

B ={by,bo,...}. Let Sx :={by,..., bk}, Sk := Icm(Sk),

dx := lim gcd(sk, Ck+j), where ck := minimal period of U gcd(b, sk)-7Z
]—>OO
beB

Proposition (KKL)
a)
0— H\?v - H=IlmZ/skZ — limZ/dZ — 0
is an exact sequence.
b) H\?’v = IiLn Z/j—iZ.
c) H/HW =~ limZ%Z/dkZ.
d) H\?v = {0} if and only if sy = dk for each k € Njy. W)
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Windows with periodic interior
B ={by,bo,...}. Let Sk :={b,..., bk}, Sk := lcm(Sk),

dx := lim gcd(sk, Ck+j), where ck := minimal period of U gcd(b, sk)-7Z

= beB
Proposition (KKL)
a)

0—- H\}’v - H=IlmZ/skZ — limZ/dcZ — 0
is an exact sequence.

b) H;, = imZ/ 3.
¢) H/Hg, = lim Z/dZ.
d) H\?v = {0} if and only if sy = dk for each k € Njy. )

Theorem 4 (KR, KKL)
(lim7Z/dkZ, T(1.1,..)) is the maximal equicontinuous factor of (X;, S).

G. Keller (S. Kasjan, M. Lemanczyk, C. Richard)| 8-free dynamics - a view through the window C.I.R.M. Luminy, 7.12.2016 5/6



B-free systems: Properties of B and regularity of W
Theorem 5 (KKL)

Assume that A(Z) N W = W (which is always true if the set 8 is taut).
The following are equivalent.

(1) There are no d € Ny and no infinite pairwise coprime set A C Ny \ {1}
suchthatd - A C 8.

(2) The window W is topologically regular, i.e. W= Ww.
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Assume that A(Z) N W = W (which is always true if the set 8 is taut).

The following are equivalent.

(1) There are no d € Ny and no infinite pairwise coprime set A C Ny \ {1}
suchthatd-AcC 8. o

(2) The window W is topologically regular, i.e. W= Ww.

(8) n = ¢(0) is a Toeplitz sequence different from (...,0,0,0,...).

(4) 0e€ Cyand ¢(0) #(...,0,0,0,...).
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B-free systems: Properties of B and regularity of W

Theorem 5 (KKL)

Assume that A(Z) N W = W (which is always true if the set 8 is taut).

The following are equivalent.

(1) There are no d € Ny and no infinite pairwise coprime set A C Ny \ {1}
suchthatd-AcC 8. o

(2) The window W is topologically regular, i.e. W= Ww.

(8) n = ¢(0) is a Toeplitz sequence different from (...,0,0,0,...).

(4) 0e€ Cyand ¢(0) #(...,0,0,0,...).

Theorem 6 (KKL)

The following are equivalent:

(1) Bis taut.

(2) The window W is Haar regular, i.e. Wreg := supp(mulw) = W.
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B-free systems: Properties of B and regularity of W
Theorem 5 (KKL)
Assume that A(Z) N W = W (which is always true if the set 8 is taut).
The following are equivalent.
(1) There are no d € Ny and no infinite pairwise coprime set A C Ny \ {1}
suchthatd-AcC 8. o
(2) The window W is topologically regular, i.e. W= Ww.
(8) n = ¢(0) is a Toeplitz sequence different from (...,0,0,0,...).
(4) 0e€ Cyand ¢(0) #(...,0,0,0,...).
Theorem 6 (KKL)
The following are equivalent:
(1) Bis taut.
(2) The window W is Haar regular, i.e. Wreg := supp(mulw) = W.
@ As my(W\ Wieg) = 0, we have pw = ow,, My—a.e.
@ The Mirsky measures my o ¢y and my o PW,, are identical. (KR)
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B-free systems: Properties of B and regularity of W
Theorem 5 (KKL)
Assume that A(Z) N W = W (which is always true if the set 8 is taut).
The following are equivalent.
(1) There are no d € Ny and no infinite pairwise coprime set A C Ny \ {1}
suchthatd-AcC 8. o
(2) The window W is topologically regular, i.e. W= Ww.
(8) n = ¢(0) is a Toeplitz sequence different from (...,0,0,0,...).
(4) 0e€ Cyand ¢(0) #(...,0,0,0,...).
Theorem 6 (KKL)
The following are equivalent:
(1) Bis taut.
(2) The window W is Haar regular, i.e. Wreg := supp(mulw) = W.
@ As my(W\ Wieg) = 0, we have pw = ow,, My—a.e.
@ The Mirsky measures my o ¢y and my o PW,, are identical. (KR)
Theorem 7 (BKKL, KR)
(X, my o @y, S) is isomorphic to (H, my, T).
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